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[...] doveva essere una storia delle nostre,
in cui ci si arrabatta nel buio
per una settimana o per un mese,
sembra che ci sara` buio sempre e viene voglia
di buttar via tutto e di cambiar mestiere:
poi si scorge nel buio un bagliore,
si va a tentoni da quella parte,
e la luce cresce, e infine l’ordine segue al caos.
Primo Levi, Il sistema periodico

Abstract
LISA Pathfinder, formerly known as SMART-2, is the key technology test
mission for LISA, the Laser Interferometer Space Antenna for gravitational
wave detection. The core of the LISA Pathfinder satellite is the LTP (LISA
Technology Package) which contains two test masses. The fundamental tech-
nical goal of the mission is to demonstrate the near-perfect free-fall of a test
mass by limiting the power spectral density of the test mass acceleration to
a certain design level; this is performed by a disturbance reduction mecha-
nism including an interferometer metrology unit. Since real-life performance
can only be tested in space, i.e. after launch, highly detailed simulations are
required to ensure LISA Pathfinder’s mission success.
Self-gravity (i.e. the gravity exerted on the test masses by the surround-
ing spacecraft) is the dominant contribution to disturbances. An extensive
gravity modelling must be implemented to minimize fields and gradients at
the test masses. A tool for self-gravity computation has been developed: it
calculates linear and angular acceleration, and acceleration gradients (stiff-
ness) on each test mass caused by self-gravity; the input of the tool is given
by the FE model nodal mass distribution. Self-gravity analysis must take
into account also thermo-elastic deformations as any spacecraft deformation
implies a change in the self-gravity field. The approach presented evaluates
self-gravity changes due to thermo-elastic distortion on the basis of sensiti-
vity factors of self-gravity w.r.t. the displacements of groups of structural
nodes. This strategy implies a significant model reduction that allows for
end-to-end simulations.
The interferometer metrology system for test masses position measure-
ment relies upon an outstanding stability of the optical elements location;
any optical element displacement results in a noise in the interferometric
measurement. An analysis of the interferometer system which accounts for
thermo-elastic distortion is therefore mandatory. Analogously to self-gravity,
this analysis is carried out by means of sensitivity factors relating the dis-
placement of the optical surfaces to the noise in the measurement.
LISA Pathfinder, in precedenza nota come SMART-2, e` la missione test per le
nuove tecnologie necessarie per il progetto LISA (Laser Interferometer Space
ii
Antenna) per la rivelazione delle onde gravitazionali. Il carico pagante della
missione LISA Pathfinder e` costituito dal LTP (LISA Technology Package),
contenente due masse test. La missione ha un obiettivo tecnico principale:
dimostrare di poter ottenere una quasi perfetta caduta libera di una delle
masse test, limitando a un certo livello di progetto la densita` spettrale di
potenza dell’accelerazione della massa test stessa; tale dimostrazione e` effet-
tuata mediante un sistema di riduzione dei disturbi che include una unita` di
metrologia interferometrica. Poiche` le prestazioni reali del satellite possono
essere verificare solo in orbita, e` necessario effettuare simulazioni end-to-end
altamente dettagliate in modo da garantire il successo della missione LISA
Pathfinder.
Il contributo dominante ai disturbi alla caduta libera delle masse test
e` costituito dall’auto-gravita`, ovvero le azioni gravitazionali esercitate sulle
masse test dal resto del satellite. E’ necessario, quindi, realizzare una accu-
rata modellizzazione dell’auto-gravita`, in modo da minimizzare i campi e i
gradienti gravitazionali in corrispondenza delle masse test. Uno strumento
per il calcolo dell’auto-gravita` e` stato sviluppato: esso calcola l’accelerazione
lineare ed angolare, nonche` i gradienti di accelerazione (rigidezza) su cia-
scuna massa test, causati dal campo di auto-gravita`; l’input a tale strumento
e` fornito dalla distribuzione di massa dei nodi del modello agli elementi finiti.
L’analisi delle azioni di auto-gravita` deve anche prendere in considerazione le
deformazioni di natura termo-elastica poiche` ogni deformazione del satellite
implica un cambiamento nel campo di auto-gravita`. L’approccio presentato
in questo lavoro valuta i cambiamenti nell’auto-gravita` causati dalle defor-
mazioni termo-elastiche sulla base di fattori di sensibilita` dell’auto-gravita`
stessa rispetto a spostamenti di gruppi di masse nodali. Mediante questa
strategia e` possibile ottenere una considerevole semplificazione del modello
che consente di effettuare simulazioni end-to-end.
Il sistema di metrologia interferometrica per la misurazione della posizione
delle masse test si basa su una straordinaria stabilita` della posizione degli
elementi ottici; un qualsiasi spostamento di un elemento ottico si traduce
in un rumore nella misurazione interferometrica. Un’analisi del sistema di
metrologia che tiene conto delle deformazioni termo-elastiche e` quindi indis-
pensabile. In maniera analoga a quanto fatto per l’auto-gravita`, tale studio
e` effettuato per mezzo di fattori di sensibilita` che mettono in relazione lo
spostamento delle superfici ottiche con il rumore nella misurazione.
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Chapter 1
Main Topics
1.1 The Laser Interferometer Space Antenna
Project
The Laser Interferometer Space Antenna (LISA) mission is an ESA joint
venture with NASA. Its prime objective is the detection of gravitational
waves in the 1 mHz to 100 mHz band predicted to be emitted by distant
galactic sources. It will consist of three spacecraft flying in a quasi-equilateral
triangular formation, separated by 5 million km, in a trailing-Earth orbit at
20◦ behind the Earth (see Figure 1.1).
Each spacecraft will carry a measurement system consisting of two test
masses, position sensors, and associated laser interferometer hardware and
electronics. Provided that the test masses are maintained in a disturbance
free environment, gravity waves will cause small motions in the test masses
relative to one another. Low frequency gravity waves are predicted to produce
strain of order 10−21, allowing them to be measured by precision interferom-
etry as path length changes up to 50 pm.
1.2 LISA Pathfinder Mission Goals
Very early, during the various studies for LISA, the need for a technology
demonstration mission was recognized.
The primary mission goal of LISA Pathfinder (formerly known as SMART2)
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Figure 1.1: Artist’s view of LISA.
is to test the key technologies critical to the LISA mission. This involves
demonstrating the basic principle of the Drag-Free Control System, including
the precision acceleration sensor system, the error measurement technique,
the control laws and calibration of the µNewton thruster performance. The
core of LISA Pathfinder spacecraft is the LISA Technology Package (LTP):
the basic idea behind the LTP is that of squeezing one LISA arm of 5 · 106
km to a few centimeters and placing it on board of a single S/C (Figures 1.2
and 1.3). Thus, the key elements of LISA Pathfinder are two freely flying
test masses and a laser interferometer system whose purpose is to read the
distance between the test masses.
The two test masses are surrounded by their position sensing electrodes;
moreover, the test masses act as the end-mirrors of a laser metrology sys-
tem; the task of this system is to monitor test masses position with a high
accuracy. Both position sensing electrodes and laser metrology system pro-
vide the information to a ”drag-free” control loop that operates via a set of
µNewton thruster to center the S/C with respect to one test mass.
The key technologies requiring demonstration are:
Main Topics 5
Figure 1.2: Scheme of of LISA and LISA-Pathfinder.
• the disturbance reduction mechanism
• the optical metrology system
Of these two items, only the first requires space demonstration, but the LTP
will incorporate both.
The LISA Pathfinder satellite will work according several operating modes
during its lifetime; the one during which the keys technology are tested is
addressed in this work as science mode.
1.2.1 The Disturbance Reduction Mechanism Require-
ment
The disturbance reduction mechanism must be able to shield the test
masses from the outside environment in such a way that only gravity waves
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Figure 1.3: LISA Pathfinder science spacecraft, with (on the right) and with-
out (on the left) solar arrays. On the left, the LTP is visible at the center of
the spacecraft.
will cause measurable displacements. This requirements is to allow for mea-
surement of gravity waves, given their amplitude and frequency expectations.
Such a disturbance reduction system can only be space demonstrated and
results in a requirement for spacecraft and test masses acceleration control.
The LISA Pathfinder mission fundamental technical goal is to demonstrate
the near-perfect fall of a test mass located inside the body of the spacecraft
by limiting the spectral density of acceleration at the test mass to:
S1/2a ≤ 3 · 10−14
[
1 +
(
f
3mHz
)2]
m
s2
1√
Hz
(1.1)
for
1 mHz ≤ f ≤ 30 mHz
This is one order of magnitude bigger than the requirement for LISA, and
three orders lower than demonstrated to date.
The sources contributing to the acceleration environment of the test mass
arise from both direct effect on the test mass and effects on the spacecraft
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that are coupled to the test mass through the electrostatic suspension system.
These are:
• External forces on the spacecraft, among them:
- Thruster force and thruster noise
- Difference in gravitational acceleration due to celestial bodies be-
tween test mass and spacecraft center of mass
- Solar radiation pressure
- Interaction with atmosphere, planetary magnetic fields
• Internal forces acting on the test mass and the spacecraft, including:
- Thermal noise
- Pressure fluctuation
- Electrostatic actions
- Spacecraft self-gravity
• Forces that arise from sensor noise feeding into thruster commands.
1.2.2 Optical Metrology System Requirement
An interferometer for precise measurement of the variation in distance
between the test masses is needed: LISA is expected to detect path length
changes of a few picometer within the measurement bandwidth.
The interferometric sensing on-board LISA Pathfinder must be able to
monitor the test mass position along the measurement axis with a noise level
of
S1/2n ≤ 10 pm/
√
Hz (1.2)
for
3 mHz ≤ f ≤ 30 mHz
relaxing as 1/f 2 towards 1mHz. This requirement is one order of magnitude
bigger, both in noise level and frequency, than the one defined for LISA.
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1.3 End-to-End Simulations
Sice real-life performances can only be tested in space, i.e. after launch,
highly detailed simulations are mandatory to ensure LISA Pathfinder mis-
sion success. End-to-End (E2E) simulations aim at verifying the on-orbit
performance of a strongly coupled satellite and payload (LTP) system. Con-
sequently, exceptionally detailed and accurate models of spacecraft subsys-
tems need to be developed. Modelling work goes far beyond what is typically
done for conventional satellite system simulators. The levels of interactions
between different disciplines and subsystems for LISA Pathfinder are much
more complex than in traditional space missions, demanding a fully inte-
grated modelling approach.
This thesis pursues a concurrent engineering approach and presents a fully
integrated model for structural, thermal, optical and gravitational analysis
for LISA Pathfinder mission. This model allows for predicting the influence
of thermo-elastic distortion on self-gravity and optics.
Figure 1.4 shows the top-level architecture of the E2E simulator. The si-
mulator has been implemented in the Matlab/Simulinkr environment (some
models are written in C/C++ in order to speed up simulation run-time).
1.4 Contributions of This Work
• A fully compliant custom self-gravity tool has been developed. Sources
of numerical errors due to the awkward cube shape of the test mass
have been eliminated. An extensive error estimation has been carried
out in order to check the accuracy of the tool. Meshing guidelines for
the FE Model have been set.
• The linearized equations of motion of a test mass subjected to the gra-
vity caused by both another test mass and the spacecraft are derived.
• An analytical formulation of self-gravity affected by thermo-elastic dis-
tortion is presented. A renewed methodology for deriving sensitivity
factors of self-gravity with respect to S/C deformations is proposed.
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Figure 1.4: E2E simulator top-level architecture. Bold items are discussed
in the present thesis.
• A real-time model of the effects of thermo-elastic distortion on the laser
metrology unit is developed.
• A hands-on visualization of the the effects of self-gravity and thermo-
elastic distortion on test mass movement and optics readout is realized.
• Both self-gravity and laser metrology modelling are fully implemented
in the LISA Pathfinder end-to-end simulator under development at
EADS Astrium GmbH.
1.5 Outline of the Thesis
The first Part describe the LISA Pathfinder mission and present a general
overview of the main topic of this thesis.
In Chapter 2 the equations of motion for a generic drag-free satellite are
derived.
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In Chapter 3 the thermo-elastic distortion approach for the end-to-end
simulator of the LISA Pathfinder mission is presented. Then, the work is
divided into two main parts: the first features the problem of the self-gravity
environment of the satellite on the test masses and how this problem is
affected by thermo-elastic deformations; the second deals with the effect of
thermo-elastic deformations on the optical metrology system.
In Chapter 4 the self-gravity requirements for LISA Pathfinder are recol-
lected from various references.
In Chapter 5 and 6 the self-gravity tool is presented and applied to LISA
Pathfinder.
A extensive study of numerical issues and accuracy of the self-gravity tool
is carried out in Chapter 7.
Chapter 8 describes the methodology to estimate the influence of thermo-
elastic distortion on self-gravity.
In the third Part, Chapter 9 describes the laser measurement system and
states its requirement. Then, Chapter 10 proposes an opto-dynamical model
which account for thermo-elastic distortion.
The last Chapter proposes a summary and suggest guidelines for further
work.
Chapter 2
Mathematical Modelling of a
Drag-Free Satellite
In this Chapter the equations of motion (EoM) of a drag-free satellite are
illustrated. Their analytical derivation can be found in [8] and is reported in
Appendix B.
In general, a drag-free controlled satellite consists of the following rigid
bodies:
- the rigid satellite body (6 DoF)
- one or more rigid test masses (6 DoF each)
- fixed or moving rigid test mass housing (3 DoF each if moving)
The LISA Pathfinder satellite is a particular case of a drag-free satellite:
it features two test masses and two fixed rigid test mass housings, which,
along with the S/C, constitute a 18 DoF system. From now and then, any
test mass housing will be always considered fixed.
2.1 Nomenclature and Definitions
For the derivation of the equations of motion, the scheme depicted in
Figure 2.1 is followed.
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Figure 2.1: Satellite and one Test Mass.
2.1.1 Reference Frames
The reference frames used are hereby listed:
• The inertial reference frame ΣJ
• The spacecraft (body fixed) reference frame ΣB; it is attached to the
CoM of the S/C
• The housing reference frame ΣH ; it is attached to a generic point of the
housing frame and it features a generic orientation w.r.t the spacecraft
frame; anyway, being the housing supposed fixed, this orientation is
constant. This frame is used for the TM dislocation measurement
• The test mass (body fixed) reference frame ΣM ; it is attached to the
CoM of the TM.
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2.1.2 Definitions
The sensitivity axis is defined as the direction of sensitivity of the optical
metrology and ideally coincides with the line connecting the two TMs.
The vector notation here adopted is defined by the following rules: a
vector named rX is the vector for the body X given in its local frame (i.e.
the vector origin), as defined in Figure 2.1; a vector named rXY gives the
vector position of the body X w.r.t the body Y in the local frame of the
latter; then, a vector named rZX means that the vector coordinates are given
in the reference frame defined by the index Z.
Furthermore, in order to clarify the meaning of the angular velocities, the
following definitions are given:
• ωB: angular velocity of the satellite w.r.t the inertial frame
• ωH : angular velocity of the frame ΣH w.r.t ΣB; when the cage is not
moving, ωH is identically equal to zero.
• ωM : angular velocity of the TM w.r.t ΣH .
Notice that the angular velocity ωX for the body X is, by definition, always
given in its own body frame ΣX . Further symbols are given in Table 2.1
Symbol Description
Ei×i Unit diagonal matrix of size i
IX Matrix of inertia around the CoM for body X
q Generalized coordinate vector
TXY Transformation matrix from Y to X reference frame
At Transpose of matrix A
Table 2.1: Symbols and definitions
As custom, given a generic vector v, then it is defined
v˜
4
=
 0 −vz vyvz 0 −vx
−vy vx 0

and so it can be written ω×r = ω˜r and ω˜ω˜ = ω˜2. The notation ∗r is used to
define a differentiation w.r.t. the inertial frame, whereas r˙ is the derivative
in the local frame.
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2.2 The LISA Pathfinder Equations of Mo-
tion
The second-order non-linear equations of motion for the LISA Pathfinder
satellite (B) with two test masses (M1 and M2 in their respective housing
H1 and H2) are:
mBE3×3 03×3 03×3 03×3 03×3 03×3
03×3 IB 03×3 03×3 03×3 03×3
03×3 −mM1TH1B r˜MB mM1E3×3 03×3 03×3 03×3
03×3 IM1TM1B 03×3 IM1 03×3 03×3
03×3 −mM2TH2B r˜MB 03×3 03×3 mM2E3×3 03×3
03×3 IM2TM2B 03×3 03×3 03×3 IM2


∗∗
rB
ω˙B
r¨M1
ω˙M1
r¨M2
ω˙M2
+
+

03×3
ω˜BIBωB
mM1TH1Bω˜
2
BrBM1 +mM12 ˜TH1BωB r˙M1
IM1 ˜TM1BωBωM1 + ω˜M1J IM1ωM1J
mM2TH2Bω˜
2
BrBM2 +mM22 ˜TH2BωB r˙M2
IM2 ˜TM2BωBωM2 + ω˜M2J IM2ωM2J

=

feB
leB
TH1J feM1 − mM1mB TH1J feB
leM1
TH2J feM2 − mM2mB TH2J feB
leM2

(2.1)
The details of the derivation of the equations of motion are illustrated in
Appendix B
2.2.1 Specification of Forces and Torques
The forces and torques acting on the satellite and the two test masses are
broken down according to what is reported in [9]. This outline resembles the
actual way force and torque are schematized in the simulator.
Actions on the test masses are:
• gravitational forces and torques due to celestial bodies
• forces and torques due to satellite and test mass coupling (i.e. stiffness);
their origin can be:
- gravitational
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- electrostatic
- magnetic
• electrostatic actuation forces and torques (suspension control loops)
• mutual gravitational interaction forces and torques between the two
test masses
• other undefined forces and torques.
Actions on the satellite are:
• gravitational forces and torques due to celestial bodies
• solar pressure forces and torques
• forces and torques due to satellite and test mass coupling (stiffness and
TM actuation)
• actuation forces and torques (FEEP)
• other undefined environmental forces and torques.
2.2.2 Self-Gravity Forces and Torques
A first order estimation of the accelerations, and therefore forces and
torques, acting on LISA Pathfinder and its test masses is carried out in [9].
As far as regards the acceleration of one test mass w.r.t the satellite (i.e. the
housing), the self-gravity (i.e. the gravity between one TM and the rest of
the S/C) is among the leading sources. Therefore a detailed modelling of the
self-gravity field is required; this model must include:
• The self-gravity on one TM due to the S/C itself; the variation of self-
gravity due to thermo-elastic distortion must be accounted for, as well.
• The self-gravity on one TM due to the other TM; the variation of self-
gravity due to the movement of both TM must be also considered.

Chapter 3
Thermo-Elastic Distortion
Modelling
Self-gravity (i.e. the gravity exerted on the test masses by the surround-
ing spacecraft) proved to be one on the major disturbances on TM free-falling
for LISA Pathfinder. Besides, the laser interferometer system for test masses
measurement relies upon an outstanding stability of optical elements po-
sition. By principle, thermo-elastic distortions affect both self-gravity and
laser measurement (Figure 3.1).
Figure 3.1: Thermo-elastic distortion effects on self-gravity and opto-
dynamical model.
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The thermo-elastic distortion approach presented in this thesis aims at
achieving an integrated model for structural, thermal, optical and gravita-
tional analysis within an end-to-end simulator. This approach is pursued
also for the LISA mission (see [24]). An extensive integrated modelling ef-
fort is carried out; this effort is tightly coupled to laboratory measurement
tests to give confidence that LISA Pathfinder design shall meet its on orbit
performance requirements.
The thermo-elastic distortion analysis approach is based on the experience
gained at EADS Astrium GmbH in the GRACE, XMM, and GOCE projects
and developed and enhanced for meeting LISA Pathfinder mission simulation
needs.
Figure 3.2: Integration scheme of thermo-elastic deformation, self-gravity
model and optical metrology model.
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3.1 The Thermo-Elastic Distortion Analysis
Approach
Thermo-elastic distortion calculations of large structures, consisting of a
mix of widely ranging coefficient of thermal expansion (CTE) and sub-scale
details, tend still to be a problem for direct analysis approach and for the
implementation within end-to-end simulations.
The reason is the huge amount of data coming from Finite Elements
Model (FEM) and Thermal Mathematical Model (TMM) with respect to
the reasonable velocity required for real-life performance simulations. In
fact many of the thermo-elastic analyses done on previous missions relied
directly on processing of transient fields of temperature which had to be
transferred time-stepwise, one by one, into the respective FEMs, either semi-
automated or manually. The problem with this approach is that each change
in temperature profile requires a time-consuming complete new FEM analysis
run.
Previous projects at EADS Astrium GmbH such as GRACE, XXM, and
GOCE pursue the strategy to calculate the primary satellite distortion shape
with reasonable accuracy with the help of sensitivity factors and to cover
the potential small scale influences by an adequate uncertainty factor. This
approach calculates sensitivity factors on individual sets of structural nodes.
This is done by applying unit heat load cases on defined nodal areas (thermal
areas) of the FEM and determining the static displacement and rotation of
selected nodes of interest due to the heat loads. The advantages of this
approach are:
• as many temperature profiles as needed can be calculated and re-
calculated from the TMM without a new FEM analysis run as the
sensitivity factors are calculated only once
• the amount of data can be overseen and still adequately judged by the
designers
• each effect can be easily traced back to a small number of causes, giving
the possibility to easily identify the major mechanical/thermal design
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drivers
• the needed uncertainty factor can be assessed from previous projects.
The unique drawback of this approach is a certain loss in accuracy of
the results because of the substantial model reduction. The fore-mentioned
previous projects in EADS Astrium showed that this loss can be still cover
by a reasonable safety factor.
The sensitivity factors can be arranged in a linear, static transfer matrix
as follow: 
∆r1
∆α1
...
∆rn
∆αn
 (t) = [D] ·
∆TTA1...
∆TTAk
 (t) (3.1)
For k thermal areas TA and n selected nodes of interest, the thermo-
elastic sensitivity matrix is given by [D]. This matrix simply relates linearly
the temperature changes of defined thermal areas to the distortion of the
selected nodes, thus superimposing the unit load case results. Note that the
sensitivity matrix dimension is defined solely by the number of thermal areas
k and the number of nodes n whose dislocations, linear and angular, are of
interest. That is, the size of the FEM has no influence on the size of the
sensitivity matrix. This leads to manageable matrix sizes w.r.t. numerical
evaluation.
3.2 Thermo-Elastic Distortion Modelling for
LISA Pathfinder
Thermo-elastic distortion analysis is based on the FE model. Up to date,
at EADS Astrium GmbH only the FE model of the LTP is available, therefore
only the LTP is considered in this work; the analysis will be extended to the
rest of the spacecraft as soon as the relative FE model will be available.
In order to calculate the sensitivity matrices for LISA Pathfinder distor-
tions, the following steps are followed:
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1. The FEM of the whole LTP (ca. 66.000 nodes) is divided into 80 ther-
mal areas and the FEM’s congruent set of structural nodes is allocated
to each thermal area, see Figure 3.3. Besides, a reference temperature
of 20◦C is chosen.
2. Starting from the reference temperature, the temperature of all FE
model nodes within an individual thermal area is increased by 1◦C
whilst all the other nodes are kept at the reference temperature.
3. According to this unitary temperature variation, the translational and
rotational displacements of the selected nodes of interest are calculated.
These steps are repeated for each TA.
Figure 3.3: FE model and thermal areas of the LTP.
Sensitivity matrices for thermo-elastic distortion are used for two pur-
poses:
1. Self-gravity analysis. The nodes of interest for this case are all the
FEM nodes; since this number is still considerably high, a further post-
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processing of the sensitivity matrix made by a dedicated self-gravity
tool is required to obtain a remarkable model reduction.
2. Opto-dynamical model analysis: the nodes of interest are the ones
defining the position and the orientation of all the elements belonging
to the optical path. In this case, the sensitivity matrix can be used
straightforwardly.
Using a temperature time series from the TMM as an input to the sensi-
tivity matrix, scaled by the reference temperature, thermo-elastic distortion
over time can be determined.
3.3 The Choice of the Thermal Areas
For the LTP, a preliminary number of 78 thermal areas has been cho-
sen. This choice is mainly suggested by the experience acquired in previous
projects; nevertheless have been followed; they are:
• each stand-alone element must contain at least one thermal area; in this
case the meaning of the word stand-alone refers to thermal, mechanical,
and dynamical properties;
• any region surrounding a lumped heat generator (e.g. electrical boxes,
power photodiodes) must be model as a thermal area;
• the more a region features temperature spatial gradient, the higher the
number of thermal areas in it must be;
• regions characterized by uncorrelated temperature profiles (e.g. same
temperature profile with a phase delay) must be treated as different
thermal areas.
A thermal areas choice complying with the above-mentioned guidelines is
decisive for the accuracy of the results.
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3.4 Temperature Loads
Up to date, no appropriate TMM is available so no effective temperature
time series can be considered; therefore, temperature noise models act as
inputs to sensitivity matrices.
The LTP is surrounded by a thermal-shield (see Figure 3.4) which is
design to guarantee a temperature stability of 10−4 K/
√
Hz; according to
[25], elements of the LTP located outside the thermal shield are supposed to
feature a temperature stability of 10−3 K/
√
Hz.
Figure 3.4: LTP thermal shield box.
So, thermal areas are divided into:
• elements outside the thermal shield:
– 8 glass fiber struts: 8 TAs (see Figure 3.5)
– 4 flanges: 4 TAs
• elements inside the thermal shield:
– inertial sensor n. 1: 26 TAs
– inertial sensor n. 2: 26 TAs
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Figure 3.5: Detail of LTP struts.
– optical bench, including sidewalls and stiffeners: 14 TAs
According to this division, thermal loads are applied to the respective
thermal areas. Temperature power spectral density (PSD) are generated
by band-limited white noise filtered by an appropriate low-pass filter (the
filter shape is inferred from temperature profile reported in [28]); these PSD
comply, at the lower bound of the LISA Pathfinder measurement bandwidth,
with the temperature stabilities defined above (see Figures 3.6 and 3.7).
It is worthy to notice that temperature loads on different thermal areas
inside (or outside) the thermal shield feature the same power but may be
different in phase, and so, may be not correlated. Several simulations with
different correlations of the temperature noise on different thermal areas have
been performed.
3.5 Accuracy of the Modelling Approach
The modelling approach makes use of the LTP FEM and TMM. An in-
tegration strategy of thermal and structural analysis which accounts for ac-
curacy is mandatory.
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Figure 3.6: PSD of temperature loads for elements outside the thermal shield.
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Figure 3.7: PSD of temperature loads for elements inside the thermal shield.
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3.5.1 Structural Modelling Errors
Finite elements models, primarly designed to calculate the structural dy-
namics of the major static load path, have shown in previous projects to be
able to predict realistically the fundamental distortion not requiring an addi-
tional higher degree of discretization. In the analysis presented in this thesis,
nodes displacements are obtained by using the program MSC.Nastranr; it is
a commonly used and reliable program that can provide accurate results for
structural analysis with thermal loads. The limits on accuracy and precision
of the structural model are driven by uncertainty in spacecraft geometry and
material properties rather than tool limitation.
The whole approach is based on the linearity of the finite elements analy-
sis, which is given by definition, allowing for the superposition of all numeric
solutions.
3.5.2 Thermal Modelling Errors
Integration of thermal and structural analysis codes is prevented by their
intrinsic incompatibilities; this relies on the relevant difference, in number1
and location, between the nodes in the structural model and the nodes be-
longing to the thermal model. In order to get thermo-elastic results, a pro-
cedure for mapping temperature data from the thermal model to structural
model must be defined (see Figure 3.8).
Standard techniques map temperature data from thermal nodes to struc-
tural ones ”by hand”. Because of the difference of the two models, an intrinsic
inaccuracy exist in this mapping procedure. These techniques are laborious
and time consuming but are still the ones which guarantee the best accuracy.
Novel approaches, such the one described in [14] and [26], propose auto-
mated data exchange of data between thermal and structural model; never-
theless, up to date, these approaches haven’t been subjected to tests which
verify their accuracy.
Another approach is proposed by NASA for the LISA mission (see [23]
1In general, the number of thermal nodes can be up to two orders of magnitude smaller
than the number of structural nodes.
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Figure 3.8: Links between thermal and structural models.
and [24]): it suggests to use a single model topology for both structural and
thermal models, which implies to use a one-to-one mapping of the tempera-
tures onto the structural grid avoiding interpolation errors. The reason of
the inadequacy of this approach for end-to-end simulations is the excessive
run time; furthermore, no proof exists that such an unconventional unique
topology can guarantee exact thermal and thermo-elastic distortion results.
The approach used in this work can be traced back to standard techniques;
yet, in to order get a further model reduction which allows for end-to-end
simulations, temperature profiles on thermal nodes are mapped to the FE
model by means of thermal areas.
Past projects show that if the choice of the thermal areas is done according
to the guidelines listed in Section 3.3, the thermal modelling error can be
covered by a reasonable safety factor; according to the deviations between
numerical simulations and test results of former missions as GRACE, SOHO,
and XMM, a safety factor of 2 on final results is recommended.

Part II
Self-Gravity
29

Chapter 4
Self-Gravity Requirements
This Chapter describes the disturbance reduction system requirements
for the LISA Pathfinder mission. Then, it is showed how the requirements
are apportioned to self-gravity and to each S/S of the LISA Pathfinder S/C.
Requirements are recollected from [2],[6],[27].
4.1 LISA and LISA Pathfinder Top Science
Requirements
LISA will be the first high sensitivity space-borne gravitational wave de-
tector. LISA sensitivity goal is a strain power spectral density (PSD) of
4 · 10−211/√Hz at around 3 mHz.
Its sensitivity performance is limited at low frequency by stray force per-
turbing the TMs out of their geodesics. The equation of motion of the two
end-mirror masses, of mass m, of one interferometer arm in LISA can be
drastically simplified if the following assumptions are made (see [27]):
• long wavelength limit for the gravitational signals
• small signals
Then, if ∆x is the separation between the two masses, it is:
m
d2∆x
dt2
= ∆F +mL
d2h
dt2
(4.1)
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where h(t) is the gravitational wave strain signal and L is the unperturbed
value of the TM separation, ∆F is the differential force acting along the
measurement axis x either of non gravitational origin or due to local sources
of gravitational field.
A meaningful explanation of the role played by force noise is obtained
converting Eq. 4.1 to the frequency domain: any force noise with spectral
density S∆F would mimic a gravitational wave noise density
S
1/2
h =
S
1/2
∆F
mLω2
=
S
1/2
∆a
Lω2
(4.2)
where ω = 2pif , f is the frequency of the measurement and ∆a is the relative
acceleration of the TMs in the inertial reference frame. It is therefore clear
that it is a top objective to minimize the force noise on the Test Masses.
LISA primary goal is achieved only if each TM falls under the effect of
the large scale gravitational field only, within an acceleration noise, relative
to a free falling frame, whose PSD is less than:
S1/2a ≤ 3 · 10−15
[
1 +
(
f
3 mHz
)2]
m
s2
1√
Hz
(4.3)
for
0.1 mHz ≤ f ≤ 0.1 Hz
along the sensitive axis.
LISA Pathfinder primary goal is to verify that a TM can be put in a pure
gravitational free-fall within an order of magnitude from the requirement for
LISA in Eq. 4.3. So the mission is considered satisfactory if the acceleration
noise is less than:
S1/2a ≤ 3 · 10−14
[
1 +
(
f
3 mHz
)2]
m
s2
1√
Hz
(4.4)
for
1 mHz ≤ f ≤ 30 mHz
along the sensitive axis.
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4.2 Other Science Requirements
The following Figure depicts the layout of the TMs within the LTP.
Figure 4.1: Schematic of axes and layout. Separation between the test masses
is along x.
4.2.1 Spacecraft and Test Mass Coupling
The coupling (i.e. the stiffness) between the spacecraft and the TM along
the sensitivity axis, if no actuation is turned on, must be:
|ω2p| < 1.35 · 10−6
[
1 +
(
f
3 mHz
)2]
s−2 (4.5)
for
1 mHz ≤ f ≤ 30 mHz
Motion of the test mass relative to the spacecraft creates a force on the
test mass through a parasitic coupling (electrostatic, self gravity gradient,
magnetic). Gradients in the force experienced by the test mass lead to
changes in the acceleration of the test mass if its position changes.
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4.2.2 Spacecraft Position Control
The part of the residual jitter xn between the TM and the S/C, which is
not correlated with any direct force on the TM, must be:
S1/2xn < 5 nm/
√
Hz (4.6)
for
1 mHz ≤ f ≤ 30 mHz
As can be easily understood, this requirement is closely connected to the
stiffness allocation.
4.2.3 DC Force/Torque Requirements
On LISA Pathfinder, direct continuous (DC) forces and torques are com-
pensated by a low frequency suspension based on capacitive actuation. DC
force compensation with electric field poses a series of problems. The leading
ones are listed in the following.
Fluctuations of the voltage supply V within the MBW are not within the
control loop and directly convert into a force fluctuation as:
δFDC ≈ 2FDC δV
V
where δ stands for a fluctuating quantity. A requirement for FDC is therefore
needed. Similar formulas can be obtained also for the rotational DoF.
The second effect relates to stiffness. For the capacitive actuation geome-
try along the sensitivity axis, by applying a force to the TM, it also means
to apply a stiffness of order 2FDC/d where d is the sensor gap. If one wants
to limit this stiffness to the required values, a requirement follows for FDC
too.
The requirements for DC forces and torque are given by the following:
- maximum DC difference of force between the TMs along x must be:∣∣∣∣∆Fxm
∣∣∣∣ ≤ 1.3 · 10−9m/s2 (4.7)
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- maximum DC difference of force between the TMs along y must be:∣∣∣∣∆Fym
∣∣∣∣ ≤ 2.2 · 10−9m/s2 (4.8)
- maximum DC difference of force between the TMs along z must be:∣∣∣∣∆Fzm
∣∣∣∣ ≤ 3.7 · 10−9m/s2 (4.9)
- maximum DC torque of force between the TMs along ϕ must be:∣∣∣∣∆TϕIϕ
∣∣∣∣ ≤ 1.6 · 10−8s−2 (4.10)
- maximum DC torque of force between the TMs along η must be:∣∣∣∣∆TηIη
∣∣∣∣ ≤ 2.3 · 10−8s−2 (4.11)
- maximum DC torque of force between the TMs along ϑ must be:∣∣∣∣∆TϑIϑ
∣∣∣∣ ≤ 2.7 · 10−8s−2 (4.12)
4.3 Apportioning of Top-Science Requirements
In order to demonstrate the requirements from Equation 4.4 to 4.12 an
error budget analysis must be carried out. The approach is:
1. first, the requirements are apportioned to the various sources of distur-
bance (gravity field, magnetic field, etc.)
2. then, the requirement from each source of disturbance is apportioned
to each S/S. For convenience, the spacecraft is divided into three major
subsystems:
- the inertial sensor (called IS) proper
- the remaining parts of the LTP, including the second IS (called
LTP)
- the remaining parts of the S/C including the DRS (merely called
S/C).
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4.3.1 Apportioning of Force Noise Requirement to Self-
Gravity Field
Force noise requirement in Eq. 4.4 is apportioned to self-gravity field as
in Table 4.1. Contributions add according to the quadratic sum.
Allocated value of noise to self-gravity field
·10−15
[
1 +
(
f
3 mHz
)2] m
s2
1√
Hz
IS LTP S/C Total
0.10 2.12 2.12 3.0
Table 4.1: Apportioning of force noise due to self-gravity to S/S.
4.3.2 Apportioning of Stiffness to Self-Gravity Field
Gradient
Stiffness requirement stated in Eq. 4.5 is apportioned to self-gravity field
gradient as in Table 4.2. Contributions are added up linearly.
Allocated value of stiffness to gravitational gradient
·10−7
[
1 +
(
f
3 mHz
)2]
s−2
IS LTP S/C Total
−1÷2 −2÷ 3 −2÷ 3 −5÷ 8
Table 4.2: Apportioning of stiffness due to self-gravity to S/S.
4.3.3 Apportioning of DC Force and Torque to Self-
Gravity Field
DC forces/torques requirements from Eq. 4.7 to 4.12 are apportioned to
self-gravity field as in Tables 4.3, 4.4. Contributions add linearly along each
axis.
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Allocated absolute value of DC force
per unit mass (·10−9 m/s2)
IS LTP S/C Total
x 0.35 0.40 0.35 1.1
y 0.55 0.60 0.55 1.7
z 1.1 1.1 1.0 3.2
Table 4.3: Apportioning of DC forces due to self-gravity to S/S.
Allocated absolute value of DC torque
per unit moment of inertia (·10−9 s−2)
IS LTP S/C Total
ϕ 6.0 4.0 4.0 14.0
η 8.0 5.0 5.0 18.0
ϑ 9.0 7.0 7.0 23.0
Table 4.4: Apportioning of DC torques due to self-gravity to S/S.

Chapter 5
The Equations of Self-Gravity
In the two following Chapters a novel self-gravity calculation tool for
the LISA Pathfinder mission is introduced. This tool is used to calculate
linear acceleration, angular acceleration and acceleration gradients on each
TM caused by the surrounding elements of the spacecraft. Results reported
in [20] and [27] are used.
5.1 Introduction
The force due to gravity between a test mass of density ρTM and volume
VTM , centered at the origin of the coordinates, and a spacecraft element of
density ρsource at (X,Y,Z) is calculated from
F =
∫
Vsource
∫
VTM
∇ GρTMρsource√
(x−X)2 + (y − Y )2 + (z − Z)2 dVTM dVsource (5.1)
The inner integral (i.e the one over the TM) can be performed both ana-
lytically and numerically. As it will be explained further, a hybrid approach
is chosen, featuring both analytic and numerical methods.
The outer integral (on the source) is performed by summing over a discrete
nodal mass distribution. The nodal mass distribution is provided from the
FE model used for structural analysis. The same applies to torque and force
gradient calculation.
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Figure 5.1: Schematic for a cube and a point-like source.
Because ρTM is supposed to be constant, it can be written:
F ' GρTM
∑
i
∫
VTM
∇ mi√
(x−X)2 + (y − Y )2 + (z − Z)2 dVTM (5.2)
where mi is the i
th mass of the nodal mass distribution.
In general, in order to calculate the gravity actions on the test mass due
to a whatsoever source element, the steps are:
1. calculation of gravity effects (linear acceleration, angular acceleration
and accelerations gradients) of a point-like mass on the TM (inner
integral)
2. integration over the mass distribution (outer sum).
The first step is illustrated in this Chapter; the integration over the actual
mass distribution is presented in the following one.
5.2 Reference Frames and Geometry of the
Problem
For a more general approach, a parallelepiped TM is used. The TM
features a mass M and dimensions Lx · Ly · Lz; then a reference frame ΣM
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located at the geometric center of the TM, whose axis are parallel to the
edges of the TM, is defined. This frame is body-fixed and follows the TM
while it moves. The nominal position of the TM is supposed to be in the
geometric center of its own housing. The reference frame ΣM0 corresponds
to this position. In the simulator for LISA Pathfinder, the housing frame
ΣH and the frame ΣM0 coincide. The tool calculates linear and angular
accelerations (i.e. force and torque) on the TM in its nominal position due to
the surrounding mass distribution. These accelerations are always expressed
in the frame ΣM0 . Then, stiffness matrices due to both the movement of the
TM and the mass distribution w.r.t. their nominal position are calculated.
5.3 Force of a Point-Like Mass on the TM
The first step of the gravitational tool is the calculation of the force of a
point-like mass on the TM. Take a point-like source (simply named source)
of mass m whose position in the frame ΣM0 is given by {X, Y, Z}. The force
that the source exerts on the TM is (see [20], [27]):
F(X, Y, Z) =
GMm
Lx · Ly · Lz
Lx/2∫
−Lx/2
Ly/2∫
−Ly/2
Lz/2∫
−Lz/2
∇ dx dy dz√
(x−X)2 + (y − Y )2 + (z − Z)2
(5.3)
Consider now, for instance, only the x-component:
Fx =
GMm
Lx · Ly · Lz
Lx/2∫
−Lx/2
Ly/2∫
−Ly/2
Lz/2∫
−Lz/2
∂
∂x
dx dy dz√
(x−X)2 + (y − Y )2 + (z − Z)2 =
=
GMm
Lx · Ly · Lz
Ly/2∫
−Ly/2
Lz/2∫
−Lz/2
[
1√
(x−X)2 + (y − Y )2 + (z − Z)2
]Lx
2
−Lx
2
dy dz
The integral in y can be solved explicitly as, except for the multiplicative
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factor, it holds:
Ly/2∫
−Ly/2
{[(
Lx
2
−X)2 + (y − Y )2 + (z − Z)2]−1/2 − [(Lx
2
+X
)2
+ (y − Y )2 + (z − Z)2
]}
dy =
= ln

Ly
2
−Y+
(
Lx
2
−X
)2
+
(
Ly
2
−Y
)2
+(z−Z)2
1/2
−Ly
2
−Y+
(
Lx
2
−X
)2
+
(
Ly
2
−Y
)2
+(z−Z)2
1/2
− ln

Ly
2
−Y+
(
Lx
2
+X
)2
+
(
Ly
2
−Y
)2
+(z−Z)2
1/2
−Ly
2
−Y+
(
Lx
2
+X
)2
+
(
Ly
2
−Y
)2
+(z−Z)2
1/2

(5.4)
Now, the integration along z can be solved as it is:
ln
[
a+
√
a2 + b2 + z2
]
=
d
dz
{
z
[
ln
(
a+
√
a2 + b2 + z2
)− 1]+
a ln
(
z +
√
a2 + b2 + z2
)
+ b arctan
(
bz
a2 + b2 + a
√
a2 + b2 + z2
)}
(5.5)
By applying Eq. 5.5 to the two logarithms in Eq. 5.4, the analytic
expression for the x component is found. In order to simplify the formulation,
some auxiliary variables are introduced:
a+ =
Lx
2
−X a− = −Lx
2
−X (5.6)
b+ =
Ly
2
− Y b− = −Ly
2
− Y (5.7)
c+ =
Lz
2
− Z c− = −Lz
2
− Z (5.8)
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So the component of the force along the x axis is given by:
Fx=c+·[ln(b++
√
a2++b
2
++c
2
+)−1]+b+·ln
(
c++
√
a2++b
2
++c
2
+
)
+a+·arctan
 
a+ c+
a2++b
2
++b+
√
a2++b
2
++c
2
+
)
+
−c−·[ln(b++
√
a2++b
2
++c
2
−)−1]−b+·ln(c−+
√
a2++b
2
++c
2
−)−a+·arctan
 
a+ c−
a2++b
2
++b+
√
a2++b
2
++c
2−
)
+
−c+·[ln(b−+
√
a2++b
2
−+c
2
+)−1]−b−·ln(c++
√
a2++b
2
−+c
2
+)−a+·arctan
 
a+ c+
a2++b
2−+b−
√
a2++b
2−+c2+
)
+
+c−·[ln(b−+
√
a2++b
2
−+c
2
−)−1]+b−·ln
(
c−+
√
a2++b
2
−+c
2
−
)
+a+·arctan
 
a+ c−
a2++b
2−+b−
√
a2++b
2−+c2−
)
+
−c+·[ln(b++
√
a2−+b
2
++c
2
+)−1]−b+·ln(c++
√
a2−+b
2
++c
2
+)−a−·arctan
 
a− c+
a2−+b2++b+
√
a2−+b2++c2+
)
+
+c−·[ln(b++
√
a2−+b
2
++c
2
−)−1]+b+·ln
(
c−+
√
a2−+b
2
++c
2
−
)
+a−·arctan
 
a− c−
a2−+b2++b+
√
a2−+b2++c2−
)
+
+c+·[ln(b−+
√
a2−+b
2
−+c
2
+)−1]+b−·ln
(
c++
√
a2−+b
2
−+c
2
+
)
+a−·arctan
 
a− c+
a2−+b2−+b−
√
a2−+b2−+c2+
)
+
−c−·[ln(b−+
√
a2−+b
2
−+c
2
−)−1]−b−·ln(c−+
√
a2−+b
2
−+c
2
−)−a−·arctan
 
a− c−
a2−+b2−+b−
√
a2−+b2−+c2−
)
(5.9)
except for the common factor
GMm
Lx · Ly · Lz
The analytical formula for the y and z component can be obtained by just
swapping (x,X) with (y, Y ) and (x,X) with (z, Z) respectively (see Eq. C.2,
C.3 in the Appendix).
5.4 Torque of a Point-Like Mass on the TM
The resultant gravitational force on the TM due to a point-like source acts
at the center of gravity1 of the TM itself (see Figure 5.2). In general, the
center of mass (CoM) and the center of gravity (CG) are distinct points. The
resultant force F applied to the CG is equivalent to the same force applied
to the CoM plus the moment rcg × F acting on the CoM.
1By definition the center of gravity of a body is the point, non necessarily inside the
body itself, at which the gravitational potential energy of the body is equal to that of a
single particle of the same mass located at that point and through which the resultant of
the gravitational forces on the component particles of the body acts.
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Figure 5.2: Schematic for torque calculation.
The CG of a body of mass m in presence of a source mass ms can be
evaluated as follow:
rcg = rs − v
Define than
u =
F
|F| , and R =
(
Gmms
|F|
)1/2
so that it gives
rcg = rs −Ru
The torque is given by
T = rcg × F = (rs −Ru)× F = rs × F
where it is Ru× F = 0, being u‖F by definition.
Torque components are given by:
T(X,Y, Z) =

Y · Fz(X, Y, Z)− Z · Fy(X, Y, Z)
Z · Fx(X,Y, Z)−X · Fz(X,Y, Z)
X · Fy(X,Y, Z)− Y · Fx(X, Y, Z)
 (5.10)
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5.5 The Gravity-Gradient Matrices
When the TM is located in its nominal position, as well as the source,
the actions on the TM are given by DC force and torque. Perturbations to
DC self-gravity may be caused by:
• TM motion (w.r.t. its nominal position):
– translation drM
– rotation dαM
• source motion (w.r.t. its nominal position); being point-like, only trans-
lation drs is considered
In order to evaluate the perturbation to the DC actions on the TM, a
linearized approach is used; this means that for each source, force and torque
can be written as:
Fs ' FDCs +
∂Fs
∂rM
drM +
∂Fs
∂αM
dαM +
∂Fs
∂rs
drs (5.11)
Ts ' TDCs +
∂Ts
∂rM
drM +
∂Ts
∂αM
dαM +
∂Ts
∂rs
drs (5.12)
Second order terms are neglected. The linearized approach holds as long as
small variations of TM and source position occur; this is the case for LISA
Pathfinder during the science mode, in fact:
- the spacecraft doesn’t feature any moving parts, except the two test
masses
- the spacecraft is design in order to minimize any structural deformation
- the drag-free control system guarantees small displacements of the TMs
w.r.t the spacecraft.
Linearized approach for self-gravity is not valid during not-science mode as
TM displacements are not necessarily small; nevertheless this is not a rele-
vant drawback as, during not-science mode, self-gravity becomes negligible
compared to other actions.
46 The Equations of Self-Gravity
On principle, from Equations 5.11 and 5.12 it can be argued that six
gravity-gradient matrices for each TM should be evaluated; nevertheless any
source translation drs can be traced back to an equivalent TM translation
drM , as it is shown in the following Section. Therefore only four gravity-
gradient matrices for each TM are considered:
• the linear gravity-gradient matrix for the force Γlin
• the linear gravity-gradient matrix for the torque Ωlin
• the angular gravity-gradient matrix for the force Γang
• the angular gravity-gradient matrix for the torque Ωang
By definition, the gravity-gradient matrices are computed considering the
TM and the source in their own nominal positions.
5.6 Linear Gravity-Gradient Matrix for the
Force
The force on the TM due to a single source is expressed as:
Fs = Fs(X, Y, Z)
where (X, Y, Z) are the coordinate of the source in the frame ΣM0 . Notice
that, according to Eq. 5.3, the force is always given in the body-fixed frame
ΣM .
Assume the TM moves of drM and the source by drs (see Figure 5.3).
These displacements are always given in the frame ΣM0 The initial position
of the source w.r.t the TM is given by rs while the final one is r
′
s. As it deals
only with translations, the force expressed in ΣM is the same as expressed in
ΣM0 . This means that TM and source displacement are equivalent to a sole
source displacement
dr?s = drs − drM
as can be easily seen in Figure 5.3. The linear gravity-gradient matrix for the
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Figure 5.3: Displacements for linear stiffness calculation.
force on the TM can be obtained straightforwardly by deriving analytically
the force equation, that is:
Γlin,s = −
 ∂∂X∂
∂Y
∂
∂Z
× [Fx Fy Fz]
where the minus sign is necessary as the derivatives are made with respect to
the coordinates of the source, while the gradient on the TM is needed. The
results are shown in Eq. C.7, C.8 in the Appendix. It is worthy to say that
the linear gravity-gradient matrix for the force is symmetric. The variation
of force on the TM due to linear stiffness is then given, for each source, by:
∆Fs = Γlin,s(drM − drS)
This variation is expressed in the nominal TM frame.
5.7 Linear Gravity-Gradient Matrix for the
Torque
The same scheme used for the force is applied to the derivation of the
linear stiffness for the torque. In fact it is:
Ωlin,s = −
∂Tx∂X ∂Tx∂Y ∂Tx∂Z∂Ty
∂X
∂Ty
∂Y
∂Ty
∂Z
∂Tz
∂X
∂Tz
∂Y
∂Tz
∂Z
 (5.13)
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After some passages, it can be written:
Ωlin,s =
 Y Γxz − ZΓxy
... −Fz − ZΓyy + Y Γyz ... Fy − ZΓyz + Y Γzz
Fz + ZΓxx −XΓxz ... ZΓxy −XΓyz ... −Fx + ZΓxz −XΓzz
−Fy +XΓxy − Y Γxx ... Fx +XΓyy − Y Γxy ... XΓyz − Y Γxz

(5.14)
The variation of torque on the TM due to linear stiffness is then given, for
each source, by:
∆Ts = Ωlin,s(drM − drS)
This variation is expressed in the nominal TM frame.
5.8 Angular Gravity-Gradient Matrix for the
Force
The reference geometry for the problem is depicted in Figure 5.4. For
simplicity’s sake, a 2D case is considered. No substantial difference with a
3D case exists.
sm
0MΣ
sm
α
ΣM
−α
ΣM0
Figure 5.4: Schematic for angular gravity-gradient matrix calculation.
In order to calculate the angular gravity-gradient matrix any TM rotation
is traced back to a rotation of the source; considering that the self-gravity
tool always calculates actions in a frame moving together with the TM, if
the TM rotates by a small angle while it is subjected to a field of a point-like
source, its rotation its equivalent to:
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- an opposite rotation of the source while the TM keeps its nominal
position
- a subsequent projection of the result to a set of axes that have been
rotating following the TM.
In general, the angular derivative of any gravity action depending on the
source coordinates can be written as:
∂
∂α
= (αˆ×)− αˆ · (rs ×∇s) (5.15)
where α is the generic angle by which the TM rotates, αˆ is its unitary vector,
and the symbol ∇s stands for the gradient with respect to the source coor-
dinates. By applying Eq. 5.15 to the force, the following result is obtained
(the angles are defined in Fig. 4.1):
Γang,s =

∂Fx
∂ϑ
∂Fx
∂η
∂Fx
∂ϕ
∂Fy
∂ϑ
∂Fy
∂η
∂Fy
∂ϕ
∂Fz
∂ϑ
∂Fz
∂η
∂Fz
∂ϕ
 =
=
 Y Γxz − ZΓxy
... Fz + ZΓxx −XΓxz ... −Fy +XΓxy − Y Γxx
−Fz + Y Γyz − ZΓyy ... ZΓxy −XΓyz ... Fx +XΓyy − Y Γxy
Fy + Y Γzz − ZΓyz ... −Fx + ZΓxz −XΓzz ... XΓyz − Y Γxz

(5.16)
It is worthy to notice that it is:
Γang,s = Ω
t
lin,s
The variation of force on the TM due to angular stiffness is then given, for
each source, by:
∆Fs = Γang,sdαM
This variation is expressed in the nominal TM frame.
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5.9 Angular Gravity-Gradient Matrix for the
Torque
The same procedure used for the force is used here for the torque. After
some passages, it becomes:
Ωang,s =

∂Tx
∂ϑ
∂Tx
∂η
∂Tx
∂ϕ
∂Ty
∂ϑ
∂Ty
∂η
∂Ty
∂ϕ
∂Tz
∂ϑ
∂Tz
∂η
∂Tz
∂ϕ
 =
=
 Y Fy+ZFz+Y
2Γzz−2Y ZΓyz+Z2Γyy
...−Y Fx+Y ZΓxz−XY Γzz−Z2Γxy+ZXΓyz
...−ZFx+XY Γyz−Y 2Γxz−XZΓyy+Y ZΓxy
−XFy+Y ZΓxz−XY Γzz−Z2Γxy+XZΓyz
... ZFz+XFx+Z2Γxx−2XZΓxz+X2Γzz
...−ZFy+XZΓxy−Y ZΓxx−X2Γyz+XY Γxz
−XFz+XY Γyz−Y 2Γxz−XZΓyy+ZY Γxy
...−Y Fz+XZΓxy−Y ZΓxx−X2Γyz+XY Γxz
... XFx+Y Fy+X2Γyy−2XY Γxy+Y 2Γxx

(5.17)
The variation of torque on the TM due to angular stiffness is then given, for
each source, by:
∆Ts = Ωang,sdαM
This variation is expressed in the nominal TM frame.
5.10 Conclusions
Once the stiffness matrices have been introduced, Equations 5.11, 5.12
can be written as:
Fs ' FDCs + Γlin,s(drM − drs) + Γang,sdαM (5.18)
Ts ' TDCs + Ωlin,s(drM − drs) + Ωang,sdαM (5.19)
As shown in the preceding Sections, the stiffness matrices depend only on
force, force linear gradient, and source position component. In conclusion,
in order to calculate any gravitational action and stiffness, one only needs to
calculate the force and the force linear gradient by the analytical formulas.
No explicit angular derivatives are needed.
All the equations presented in this Chapter are coded in Matlab and
constitute the core of the self-gravity tool used for self-gravity analysis.
Chapter 6
Self-Gravity Modelling for
LISA Pathfinder
In Chapter 5 the expressions for force, torque and stiffness matrices on
a TM due to a point-like source have been derived. In this Chapter, these
expressions are applied to the actual source distribution of LISA Pathfinder.
Actually, up to date, the FEMmodel of the entire LISA Pathfinder spacecraft
is not available. Therefore only the LTP is accounted for in the following
analysis. Nevertheless once the FEM model of the entire S/C is defined, the
formulation introduced in this Chapter can be easily extended to the S/C as
well.
For a given test mass, the related LTP mass model can be broken down
into the following items:
• the LTP (without the test masses and the compensation masses system)
• the other TM
• the compensation masses (CM) system
This subdivision is proposed as each previous item may change independently
from the other ones. This subdivision is also used in the simulator.
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6.1 Self-Gravity Generated by the LTP
6.1.1 Force
The gravitational force due to the LTP acting on the ith TM is given
simply by summing over the LTP mass distribution the result given for a
single point mass (Eq. 5.18).
FMi,LTP = F
DC
Mi,LTP
+
∑
s∈LTP
(Γlin,sdrMi)+
∑
s∈LTP
(Γang,sdαMi)−
∑
s∈LTP
(Γlin,sdrs)
(6.1)
As drMi and dαMi are independent of s, then it is:
FMi,LTP = F
DC
Mi,LTP
+ ΓlindrMi + ΓangdαMi −
∑
s∈LTP
(Γlin,sdrs) (6.2)
where, clearly, it is
Γlin =
∑
s∈LTP
Γlin,s, Γang =
∑
s∈LTP
Γang,s
In the hypothesis that no deformations occur to the LTP, it holds drs = 0
for any source s, and so the equation above reduces to:
FMi,LTP = F
DC
Mi,LTP
+ ΓlindrMi + ΓangdαMi (6.3)
The term−∑s∈LTP (Γlin,sdrs) represents the variation in self-gravity force on
the TM due to any deformation. The computation of this term is not trivial.
A technique to cope with the influence of thermo-elastic deformations on
self-gravity is developed and proposed in Chapter 8.
6.1.2 Torque
Performing the sum over the LTP, Equation 5.19 becomes:
TMi,LTP = T
DC
Mi,LTP
+
∑
s∈LTP
(Ωlin,sdrMi)+
∑
s∈LTP
(Ωang,sdαMi)−
∑
s∈LTP
(Ωlin,sdrs)
(6.4)
Then it can be written
TMi,LTP = T
DC
Mi,LTP
+ ΩlindrMi + ΩangdαMi −
∑
s∈LTP
(Ωlin,sdrs) (6.5)
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with obvious meaning of the symbols. The term −∑s∈LTP (Ωlin,sdrs) repre-
sents the effect of the LTP deformation on self-gravity and it will be modelled
in Chapter 8 as well.
6.1.3 Results
In this Section the results of the self-gravity on the TMs due to LTP are
shown (the FEM used for calculation is depicted in Fig. 3.3). No thermo-
elastic deformation is considered so far, so the results refer only to the motion
of the TMs in the unperturbed configuration of the LTP. The results relating
to force and torque are divided by the TM mass and moment of inertia
respectively.
DC accelerations
The linear DC acceleration on TM1 due to LTP is:
a1,LTP =
[−2.5643 −0.0332 −0.3320 ]′ · 10−8 m/s2
and it is:
a2,LTP =
[
2.5643 0.0332 −0.3320 ]′ · 10−8 m/s2
The angular DC acceleration on TM1 due to CM is:
ω˙1,LTP =
[−2.7765 9.1504 3.2887 ]′ · 10−10 s−2
and it is:
ω˙2,LTP =
[
2.7765 −9.1504 3.2887 ]′ · 10−10 s−2
Stiffness matrices
The linear stiffness for the force on TM1 due to LTP is:
Γlin,1,LTP =
−0.8529 −0.0525 0.1676−0.0525 −0.7144 −0.0144
0.1676 −0.0144 1.5674
 · 10−7 s−2
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while it is
Γlin,2,LTP =
−0.8529 −0.0525 −0.1676−0.0525 −0.7144 0.0144
−0.1676 0.0144 1.5674
 · 10−7 s−2
The linear stiffness for the torque on TM1 due to LTP is:
Ωlin,1,LTP =
 2.7059 1.9239 −3.4456−5.6678 −2.6698 3.1306
−1.2498 −2.6685 −0.0361
 · 10−8 m−1s−2
while it is
Ωlin,2,LTP =
 2.7059 1.9239 3.4456−5.6678 −2.6698 −3.1306
1.2498 2.6685 −0.0361
 · 10−8 m−1s−2
The angular stiffness for the force on TM1 due to LTP is given by:
Γang,1,LTP =
 0.9563 −2.0032 −0.44170.6800 −0.9436 −0.9431
−1.2178 1.1064 −0.0127
 · 10−11 m/s2rad−1
while it is
Γang,2,LTP =
0.9563 −2.0032 0.44170.6800 −0.9436 0.9431
1.2178 −1.1064 −0.0127
 · 10−11 m/s2rad−1
The angular stiffness for the torque on TM1 due to LTP is given by:
Ωang,1,LTP =
−0.9662 0.0970 0.16370.0641 −8.1642 −0.0297
0.2553 −0.0019 −1.0939
 · 10−8 s−2rad−1
while it is
Ωang,2,LTP =
−0.9662 0.0970 −0.16370.0641 −8.1642 +0.0297
−0.2553 0.0019 −1.0939
 · 10−8 s−2rad−1
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6.2 Self-Gravity Generated by the Other TM
6.2.1 Force
For the force acting on the ith TM due to the jth TM, it can be written:
FMi,Mj = F
DC
Mi,Mj
+
∑
s∈Mj
(Γlin,sdrMi) +
∑
s∈Mj
(Γang,sdαMi)−
∑
s∈Mj
(Γlin,sdrs)
(6.6)
As drMi and dαMi are independent of s, then it is:
FMi,Mj = F
DC
Mi,Mj
+ ΓlindrMi + ΓangdαMi −
∑
s∈Mj
(Γlin,sdrs) (6.7)
where the matrices
Γlin =
∑
s∈Mj
Γlin,s Γang
∑
s∈Mj
Γang,s
represents the stiffness on TM i due to TM j.
Now, being the TM a rigid body, for any s ∈Mj it holds:
drs = drMj + d˜αMjTijr
′
s (6.8)
where r′s is the position vector that goes from the CoM of the j
th TM to the
source in its nominal position, given in its local frame, and drMj gives the
linear displacement of the CoM of the jth TM with respect to its nominal
position (see Figure 6.1). Tij is the transformation matrix from the j
th TM
frame to the ith TM one; this matrix is introduced as, by definition, drs
must be expressed in the nominal frame of the ith TM. Actually the nominal
frames of the two TMs differ only by a translation, so Tij is unitary and can
be simply disregarded. With this assumption, Equation 6.7 becomes:
FMi,Mj = F
DC
Mi,Mj
+ΓlindrMi+ΓangdαMi−
∑
s∈Mj
[
Γlin,s(drMj + d˜αMjr
′
s)
]
(6.9)
As usual, being drMj independent of s, then:
FMi,Mj = F
DC
Mi,Mj
+ Γlin(drMi − drMj) + ΓangdαMi −
∑
s∈Mj
(
Γlin,sd˜αMjr
′
s
)
(6.10)
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Figure 6.1: Gravity of one TM on the other one: geometry of the problem.
which is the same as:
FMi,Mj = F
DC
Mi,Mj
+ Γlin(drMi − drMj) + ΓangdαMi +
∑
s∈Mj
(
Γlin,sr˜′sdαMj
)
(6.11)
Now this expression can be rearranged in order to give a more compact and
easy-to-handle formula. The first step is to add and subtract to Eq. 6.11 the
quantity: ∑
s∈Mj
(
Γlin,sr˜ij + F˜
DC
s
)
dαMj (6.12)
where rij is the vector from the CoM of the i
th TM to the CoM of the jth
TM in their nominal position, so that:
rs = rij + r
′
s (6.13)
Next it is noticed that for any source s it holds the relation (see Eq. 5.16):
Γang,s = −F˜DCs − Γlin,sr˜s (6.14)
Self-Gravity Modelling for LISA Pathfinder 57
So, it gives:
FMi,Mj = F
DC
Mi,Mj
+ Γlin(drMi − drMj) + ΓangdαMi+
+
∑
s∈Mj
(
Γlin,sr˜′s + Γlin,sr˜ij + F˜DCs
)
︸ ︷︷ ︸
−Γang,s
dαMj+
−
∑
s∈Mj
(
Γlin,sr˜ij + F˜
DC
s
)
dαMj (6.15)
Equation 6.11 can be now written as:
FMi,Mj = F
DC
Mi,Mj
+ Γlin(drMi − drMj)+
+ Γang(dαMi − dαMj)−
(
Γlinr˜ij + F˜
DC
)
dαMj (6.16)
Because of the geometry of the problem, Γlin is a diagonal matrix, rij =
[Xij 0 0]
′ and FDC = [FDCx 0 0]
′, so it becomes:
FMi,Mj = F
DC
Mi,Mj
+
[
Γlin Γang
] · [ drMi − drMj
dαMi − dαMj
]
+
−
0 0 00 0 −Γlin,yyXij − FDCx
0 Γlin,yyXij + F
DC
x 0

︸ ︷︷ ︸
Λ
dαMj (6.17)
The underbraced matrix in the r.h.s. of the equation above is such as:
Λ = −2Γlin
so that, finally, the linearized equation for the force on the ith TM due to the
gravity exerted by the jth TM is given by:
FMi,Mj = F
DC
Mi,Mj
+
[
Γlin Γang
] · [ drMi − drMj
dαMi + dαMj
]
(6.18)
6.2.2 Torque
The same procedure used for deriving the force equation on one TM due
the other one can be adopted for the torque.
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It has been shown that the torque acting on the ith TM due to the jth TM
can be written as:
TMi,Mj = T
DC
Mi,Mj︸ ︷︷ ︸
=0
+
∑
s∈Mj
(Ωlin,sdrMi) +
∑
s∈Mj
(Ωang,sdαMi)−
∑
s∈Mj
(Ωlin,sdrs)
where, for evident reasons of symmetry, since now it is assumed thatTDCMi,Mj = 0.
Then, straightforwardly
TMi,Mj = ΩlindrMi + ΩangdαMi −
∑
s∈Mj
(Ωlin,sdrs)
Recollecting Eq. 6.8, it gives
TMi,Mj = Ωlin(drMi − drMj) + ΩangdαMi +
∑
s∈Mj
(
Ωlin,sr˜
′
sdαMj
)
(6.19)
Now the term ∑
s∈Mj
Ωlin,sr˜ijdαMj
is added and subtracted to Eq. 6.19 and it is made the observation that
Ωlin,sr˜s = −Ωang,s − T˜DCs
Equation 6.19 becomes
TMi,Mj = Ωlin(drMi − drMj) + Ωang(dαMi − dαMj)+
−

∑
s∈Mj
T˜DCs︸ ︷︷ ︸
=0
+
∑
s∈Mj
Ωlin,sr˜ij
 dαMj (6.20)
and, finally, the linearized equation for the torque on the ith TM due to the
gravity exerted by the jth TM is given by:
TMi,Mj =
[
Ωlin Ωang
] · [ drMi − drMj
dαMi − dαMj
]
− Ωlinr˜ijdαMj (6.21)
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6.2.3 Results
DC accelerations
The linear DC acceleration on TM1 due to TM2 is:
a12 =
[−9.1330 0 0 ]′ · 10−10 m/s2
Obviously, the linear DC acceleration on TM2 due to TM1 is:
a21 =
[
9.1330 0 0
]′ · 10−10 m/s2
Because of the symmetry, the angular DC accelerations are both equal to
zero:
ω˙12 = ω˙21 =
[
0 0 0
]′
Stiffness matrices
The linear stiffness for the force on TM1 due to TM2 is:
Γlin,12 =
4.8576 0 00 −2.4288 0
0 0 −2.4288
 · 10−9 s−2
and it is
Γlin,21 = Γlin,12
The linear stiffness for the torque on TM1 due to TM2 is:
Ωlin,12 =
0 0 00 0 8.4477
0 −8.4477 0
 · 10−11 m−1s−2
and it is:
Ωlin,21 = −Ωlin,12
The angular stiffness for the force on TM1 due to TM2 is given by:
Γang,12 =
0 0 00 0 −2.9857
0 2.9857 0
 · 10−14 m/s2rad−1
And it holds:
Γang,21 = −Γang,12
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The angular stiffness for the torque on TM1 due to TM2 is given by:
Ωang,12 =
−1.27 · 10−5 0 00 3.1770 0
0 0 3.1770
 · 10−11 s−2rad−1
And it holds:
Ωang,21 = Ωang,12
6.2.4 Comments
Mutual gravitational interaction of the two TMs proved to be much
smaller than the gravitational effect of the LTP. Anyway, linear DC acce-
leration cannot be disregarded as they still are within the same order of
magnitude of the requirement. Something different holds for the stiffness.
For example, any motion xn of one TM w.r.t its nominal position will pro-
duce a force along x equal to Γxxxn. This force is due to mutual TM stiffness.
If the requirement on TM displacement during the science mode is con-
sidered satisfied, an estimation of the maximum force noise on one TM due
to the relative movement of other TM can be carried out. If fact, it is:
Fx
m
≈ Γxxxn ≈ (5 · 10−9 s−2)(5 · 10−9 m/
√
Hz) = 2.5 · 10−17 ms−2/
√
Hz
which is negligible, at least compared to the top science requirement of LISA
Pathfinder. Plausibly, the mutual stiffness of the TM will not be disregarded
for LISA.
Some simulations are performed to check the model of self-gravity gene-
rated on one TM by the other TM. In particular, the effect on noise in TM
acceleration due to the noise in TMs position along the sensitivity axis is in-
vestigated. Figure 6.2 shows the result; the science mode of LISA Pathfinder
mission is chosen as reference. During science mode, the requirement on
both TMs position along x axis is stated in Eq. 4.6. Two uncorrelated band
limited white noises on TMs position, one for each TM, complying with Eq.
4.6 is chosen as input. No TMs position noise along other directions than x,
as well as TMs rotation, are considered in this simulation.
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Figure 6.2: Self-gravity force noise due to TMs position noise in Science
Mode; the force noise on TM 1 is plotted and compared to LTP self-gravity
requirement.
6.3 Self-Gravity Generated by the Compen-
sation Masses System
A compensation masses system is needed as the DC accelerations (linear
and angular) and stiffness on a TM generated by the LTP and the other TM
don’t cope with the requirement on self-gravity shown in Chapter 4.
A preliminary CM system is proposed in [7]. It is composed by 26 tung-
sten elements featuring a mass of about 4.66 kg. Figure 6.3 shows the CM
set for each TM. Clearly, in order to save mass, the CM are arranged as close
as possible to the TM. This implies that CM must feature a very fine mesh in
order to guarantee a sufficient accuracy in the results. More about accuracy
and meshing errors is detailed in Chapter 7. Figure 6.4 shows the influence
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of compensation masses meshing on the results for force along x axis; similar
trends occur also for all the other self-gravity actions.
Figure 6.3: Preliminary compensation masses system layout.
6.3.1 Results
DC accelerations
The linear DC acceleration on TM1 due to CM is:
a1,CM =
[
2.6538 0 0
]′ · 10−8 m/s2
and it is:
a2,CM = −a1,CM
The angular DC acceleration on TM1 due to CM is:
ω˙1,CM =
[
0 −5.9546 0 ]′ · 10−9 s−2
and it is:
ω˙1,CM = −ω˙2,CM
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Figure 6.4: Influence of compensation masses meshing on the results for
self-gravity compensation.
Stiffness matrices
The linear stiffness for the force on TM1 due to CM is:
Γlin,1,CM =
 .5888 0 −.35660 5.2813 0
−.3566 0 −5.8701
 · 10−7 s−2
while it is
Γlin,2,CM =
.5888 0 .35660 5.2813 0
.3566 0 −5.8701
 · 10−7 s−2
The linear stiffness for the torque on TM1 due to CM is:
Ωlin,1,CM =
 0 0.0351 0−0.5277 0 0.3642
0 1.7775 0
 · 10−6 m−1s−2
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while it is
Ωlin,2,CM =
 0 0.0351 0−0.5277 0 −0.3642
0 −1.7775 0
 · 10−6 m−1s−2
The angular stiffness for the force on TM1 due to CM is given by:
Γang,1,CM =
 0 −1.8651 00.1240 0 6.2823
0 1.2874 0
 · 10−10 m/s2rad−1
while it is
Γang,2,CM =
 0 −1.8651 00.1240 0 −6.2823
0 −1.2874 0
 · 10−10 m/s2rad−1
The angular stiffness for the torque on TM1 due to CM is given by:
Ωang,1,CM =
0.4848 0 0.07890 0.0323 0
0.0193 0 −1.1103
 · 10−7 s−2rad−1
while it is
Ωang,2,CM =
0.4848 0 0.07890 0.0323 0
0.0193 0 −1.1103
 · 10−7 s−2rad−1
Chapter 7
Numerical Issues and Accuracy
of the Self-Gravity Tool
During the extensive numerical simulations of the self-gravity tool, the
exact formulations for self-gravity force, torque, and gradient showed some
numerical instabilities which invalidated the results of the code.
Moreover, the self-gravity tool performs the calculation by using a di-
screte point-like mass distribution which is obtained from an FE model. As
the meshing of the FEM has a finite size, self-gravity calculations are ne-
cessarily approximate. Besides, the FE model was exclusively intended for
structural analysis, and no guidelines to tailor it to self-gravity analysis has
been followed. This may results in a loss of precision while transferring
structural data into the self-gravity discipline.
In this Chapter, an in-depth study of numerical problems and on errors
caused by insufficient meshing is carried out for force, torque and gradient
calculation, and meshing guidelines are derived; a strategy for the avoidance
of numerical problems is also proposed.
7.1 Force
7.1.1 Numerical Instabilities
An accurate investigation of the exact formulation for force in Eq. 5.9
found out numerical instabilities for some ranges of source coordinates. The
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origin of these numerical errors is mainly caused by the arctan function:
for arc tangent argument denominators close to zero, the terms in Eq. 5.9
don’t cancel out properly, thus leading oscillations in the solution and to
wrong values1; these numerical instabilities have been also reported in [5].
An example of such instabilities is depicted in Figure 7.1.
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Figure 7.1: Example of numerical instabilities for the calculation of compen-
sation masses force. Numerical computation and exact formula results don’t
match for all the sources.
Several attempts were considered in order to avoid these effects; the
method suggested in [5] is to changing each arc tangent argument, which
leads to instabilities, by adding a small quantity to it. This method is not
followed in this work as the error committed when changing the arc tangent
arguments cannot be precisely estimated. A different approach which by-
passes the embedded arctan function is then introduced: a step back to Eq.
1The main reason of numerical problems is linked to the limited calculation precision of
Matlab. In fact Matlab performs all computations in double precision while the quadruple
precision adopted by other programs such as Mathematica would be more appropriate to
solve this problem.
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5.4 is done and instead of using the analytical formulation for integration
along z as reported in Eq. 5.5, a numerical integration is carried out, thus
avoiding the arctan function. This means that the 3D integration on the
cubic TM is computed analytically along two directions (e.g. x and y) and
numerically along the remaining one (e.g. z direction). So it becomes:
Fx =
GMm
Lx · Ly · Lz ·
Lz
2∫
−Lz
2
f(X,Y, Z, z)dz (7.1)
where f(X, Y, Z, z) is the r.h.s. of Eq. 5.4. The expression for each compo-
nent is reported from Eq. C.4 to C.6 in the Appendix. The price to pay
for numerical instability avoidance is the use of numerical integration which
implies an increase in run-time and the introduction of approximation errors.
The method used for the numerical integration is the composite Newton-
Cotes’ formulation with Bodes’s rule.2 It is necessary to use a high precision
(and slower) method as Bode’s rather than a less accurate (but faster) as
the trapezoidal one. The reason is due to the required accuracy, as it will be
explained in the following.
Required accuracy
Once the numerical method is defined (see Equation in Footnote 2), the
number of divisions N in the numerical method must be chosen. The choice
of N is dictated by the accuracy of the numerical method which is needed
and, in its turn, the accuracy is driven by mission requirements. As shown
2The numerical integral of a function f = f(x) on the range [a, b] is given by:
b∫
a
f(x) dx =
b− a
180N
14f(x0) + 28N−1∑
j=2
f(xj) + 64
N−1∑
j=1
f
(
3xj + xj+1
4
)
+24
N−1∑
j=1
f
(
2xj + 2xj+1
4
)
+ 64
N−1∑
j=1
f
(
xj + 3xj+1
4
)
+ 14f(xN )
 (7.2)
where N is the number of intervals. A dedicated script has been written rather then
using standard Matlab functions in order to accelerate the computation, to cope it with
the FEM data structure, and to avoid slow for loop by using matrix multiplication.
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in Section 4.3, self-gravity requirements are apportioned to different S/S,
which means different nodal mass distributions. In this Section the mass
distribution of the overall LTP is considered as reference; a relation between
the accuracy in the result for a single source mass and the accuracy for the
LTP mass distribution is searched.
As far as regards the force, two main kinds of requirements are specified:
1. DC force requirement
2. force noise requirement
DC Force requirement
The most stringent requirement on DC force is given along the x axis; it
states that the maximum DC difference of force between the TMs due to the
self-gravity exerted by the LTP along x must be:∣∣∣∣∆FxM
∣∣∣∣ ≤ 0.75 · 10−9m/s2 (7.3)
This requirement set the accuracy by which the DC force on a TM must be
calculated.
The requirement is now compared with the attainable accuracy of the self-
gravity tool. Obviously, for a given requirement on the accuracy the force
should be calculated, the number of divisions N in the numerical method is
a function of (X,Y, Z), i.e. the distance of the source mass from the TM. In
Figure 7.2 error isolines for force along x are reported for a source situated
along the diagonal of the first octant (i.e. X = Y = Z). Negligible differences
occur both when considering sources located along different directions and
the other force components.
In this way the error due to numerical integration can be estimated for
each single mass node. For estimating the overall error, i.e. the error com-
puted on the entire LTP FE model, the following procedure is followed. For
the ith source it can be written:
a˜i = ai · (1 + εi)
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Figure 7.2: TM discretization error isolines [%]: Fx.
where a˜i is the calculated value for the TM acceleration along the sensitivity
axis, ai is the exact one and εi = εi(N) is committed error for the i
th source
due to the numerical integration (in general εi ¿ 1). So, for the M sources
of the entire LTP
a˜TOT =
∑
M
a˜i =
∑
M
[ai · (1 + εi)] (7.4)
aTOT =
∑
M
ai (7.5)
The total error on acceleration becomes:
|δaTOT | = |a˜TOT − aTOT | =
∣∣∣∣∣∑
M
εi · ai
∣∣∣∣∣ ≤∑
M
|εi · ai| = εmax
∑
M
|ai|
where εmax = max
i
(|εi|). For each source it holds
|ai| =
∣∣∣∣ a˜i1 + εi
∣∣∣∣ ≤ |a˜i|1− εmax
70 Numerical Issues and Accuracy of the Self-Gravity Tool
and so, for εmax ¿ 1
|δaTOT | ≤ εmax
1− εmax
∑
M
|a˜i| ' εmax
∑
M
|a˜i| (7.6)
Now, it is assumed that the maximum error that can be committed while
calculating the overall acceleration must be ≤ 1% of the requirement. There-
fore, being:
|δaTOT | = 0.01 ·
∣∣∣∣∆FxM
∣∣∣∣ = 0.75 · 10−11m/s2
and, from calculation, ∑
M
|a˜i| ' 2.5 · 10−7m/s2
it holds
εmax ' 3 · 10−3% (7.7)
From Figure 7.2 meshing guidelines for the TM can be derived; for close
elements (e.g. the TM housing) it should be N & 25 while for any distant
elements, the requirement on N can be relaxed up to N & 5. For reference,
gaps between TM and its housing are expected to be about 4 mm.
Force noise requirement
The requirement on force noise due to LTP self-gravity field is given in
terms of TM acceleration power spectral density by (see Table 4.1):
S1/2a . 2.13 · 10−15
[
1 +
(
f
3 mHz
)2]
m
s2
1√
Hz
(7.8)
in the Measurement Bandwidth (MBW)
1 mHz ≤ f ≤ 30 mHz
and along the sensitivity x axis.
As shown in Section 6.1 the force noise is computed via the stiffness
matrix F = −∑s∈LTP (Γlin,sdrs) and so the relative accuracy can be traced
back to gradient calculation; this analysis is presented in Section 7.3.
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7.1.2 Meshing Errors
The self-gravity tool performs a sum of the results for each nodal mass
over the entire mass distribution. As it deals only with a simple sum, no
numerical aspects have to be considered. Only the accuracy of the FE Model
must be checked. This accuracy is related to the mesh size of the model
itself. So far, the error estimation procedure has been outlined enough and
therefore no details will be shown from now on.
The requirement is stated in Eq. 7.7 where, now, εmax is the maximum er-
ror committed for each source mass because of FE discretization. In Fig. 7.3,
FE discretization error isolines for Fx are plotted. The finite source is sup-
posed to be cubic, with a constant density, and located along the x axis. No
significant variation occurs when considering other directions and different
orientations between the TM and the source.
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Figure 7.3: FE discretization error isolines [%]: Fx. In thick line, a meshing
guideline for the FE model is plotted.
A very simple and conservative rule of thumb can be obtained from Fi-
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gure 7.3: for an meshing error in TM acceleration < 1% it holds:
cell dimension [m] = 0.1 · cell distance [m] (7.9)
As far as regards the FE model actually used for self-gravity analysis,
there are components which don’t comply with the guideline in Eq. 7.9
because of a coarse meshing. These components are mainly:
- each electrode housing (EH) close to its own TM (see Fig. 7.4)
- each electrodes system close to its own TM (see Fig. 7.5)
Figure 7.4: LISA IS EH support frame model - beam elements.
The mesh size of these components is ∼ 2 cm and the distance from the
CoM of their own TM is ∼ 3 cm. At first sight such a corse meshing is likely
to lead to deviations in the results, but, fortunately, this is not true. In fact:
• both the EH and the electrodes are fully symmetric w.r.t. to their own
TM
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Figure 7.5: LISA IS electrodes model - beam elements.
• the discretization error is only a function of the element dimension and
of its distance, so εi = εi(ri, dVi)
• because the gravity law itself is ∼ r−2, the discretization error is an
even function w.r.t the TM coordinate frame.
Taking into account the considerations above, it can be argued that the
self-gravity force exerted by such elements is anyway zero, no matter if it is
calculated exactly or via a meshed source. In fact, it is:
aEH =
∑
i
ai = 0; a˜EH =
∑
i
a˜i =
∑
i
ai(1+εi) =
∑
i
ai︸ ︷︷ ︸
=0
+
∑
i
aiεi = 0
being ∑
i
aiεi = 0
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7.2 Torque
7.2.1 Numerical Instabilities
Required accuracy
As for the force, also for torque calculation the accuracy is set by mis-
sion requirements. Requirements on torque only refer to DC values; the
most stringent is along the z axis (see Table 4.4, rotation ϕ) and states that
maximum DC difference torque allocated to self-gravity must be:∣∣∣∣∆TϕIϕ
∣∣∣∣ ≤ 1.0 · 10−8 s−2 (7.10)
where Iϕ is the TM moment of inertia. This requirement sets the accuracy
for torque calculation. From Eq. 5.10 it is clear that the accuracy for the
torque depends only on the accuracy for the force. For simplicity’s sake,
consider only the z direction (the subscript ϕ is given understood). For each
source
|Ti| ≤ |ri| · |Fi|
Where ri is the distance of the i
th source from the TM. The numerical error
for the torque is given for each source by
|δTi| ≤ |ri| · |δFi|
Now, for the total error:
|δTTOT | =
∑
M
|δTi| ≤
∑
M
|ri| · |δFi| ≤ |r|max ·
∑
M
|δFi| ≤ |r|max ·εmax ·
∑
M
|Fi|
(7.11)
Where εmax is given by Eq. 7.7. Now, with the analogous approximation
introduced in Eq. 7.6, and from calculation, it gives:∑
M
|Fi| '
∑
M
|F˜i| < 5 · 10−7N (7.12)
where F˜i is the calculated value for the force of each source. If it is assumed
that:
|δTTOT | ≤ 0.01 ·
∣∣∣∣∆TϕIϕ
∣∣∣∣ ≤ 1.0 · 10−8 s−2
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then, from Eq. 7.11, 7.12, and for a value |r|max ∼ 0.5 m, it gives:
εmax ∼ 2 · 10−5% (7.13)
This result is more stringent than the one found in 7.7; anyway, also from
Figure 7.2 it is clear that a value of N ' 50 guarantees the required accuracy
also for the torque.
7.2.2 Meshing Errors
Once the requirement on the FE model is satisfied for force accuracy,
also torque accuracy is guaranteed. No details will be illustrated here as
an analogous description has already been given in Section 7.1.2; no figure
is reported because no range of sources locations and dimensions fits for
significant error isolines plots.
7.3 Gradient
7.3.1 Numerical Instabilities
The computation of the gradient shows the same numerical problems
problems already illustrated for the force case. The calculation methodo-
logy is the following: as usual consider only the direction along which the
requirements are most stringent, i.e. the x direction; Equation 7.1 says:
Fx =
GMm
Lx · Ly · Lz ·
Lz
2∫
−Lz
2
f(X,Y, Z, z)dz
The gradient component along the ith axis is given by:
Γxxi = −
∂
∂Xi
 GMmLx · Ly · Lz ·
Lz
2∫
−Lz
2
f(X, Y, Z, z)dz

and because of the independence of z form Xi, one can write
Γxxi = −
GMm
Lx · Ly · Lz ·
Lz
2∫
−Lz
2
∂
∂Xi
[f(X, Y, Z, z)] dz (7.14)
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The integrand ∂
∂Xi
[f(X, Y, Z, z)] in Eq. 7.14 can be easily calculated with
Mathematica for each component of the gravity tensor, and none of them
contain sources of numerical instabilities (see Eq. C.9-C.14 in the Appendix).
Required accuracy
First, as said in Section 7.1.1, an accuracy driver for gradient calcula-
tion accuracy is the force noise requirement along x stated in Eq. 7.8; it is
also depicted in Fig. 7.6. As the requirement is on the x axis, only accu-
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Figure 7.6: Force noise requirements for self-gravity due to LTP.
racy along this direction is considered; accuracy along other directions holds
consequently. In order to estimate the magnitude of noise requirement, the
power of the maximum allowed acceleration noise Ψ2a in the measurement
bandwidth (MBW) it used. It writes:
Ψ2a =
∫
MBW
Sa df
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Then, considering the force acceleration as a zero-mean time series super-
imposed on the DC acceleration, it can be written:
Ψ2a = σ
2
a
where σa is the root mean square value of the acceleration noise requirement
in the considered MBW. For the PSD reported in Eq. 7.8 it becomes:
σa ' 5.3 · 10−16 m/s2 (7.15)
The value of σa is assumed as a reference for the accuracy definition.
The exact and the calculated value of noise acceleration are given, respec-
tively, by:
∆a = −
3∑
j=1
∑
s∈LTP
(
Γxxj ,sdxj,s
)
, ∆˜a = −
3∑
j=1
∑
s∈LTP
[
Γxxj ,s(1 + εi)dxj,s
]
(7.16)
where the sum over j stands for the sum over the three coordinate directions;
therefore, the error is given by:
|δ∆a| =
∣∣∣∣∣
3∑
j=1
∑
s∈LTP
(
Γxxj ,sεidxj,s
)∣∣∣∣∣ ≤
3∑
j=1
∑
s∈LTP
∣∣Γxxj ,sεidxj,s∣∣ ≤
≤ |dxj,s|max εmax
3∑
j=1
∑
s∈LTP
∣∣Γxxj ,s∣∣ ≤ 3 |dxj,s|max εmaxmax
j
∑
s∈LTP
∣∣Γxxj ,s∣∣
(7.17)
where εmax is the maximum error due to TM meshing that can be committed
while calculating each gravity gradient component for each cell. Now it is
assumed that the maximum overall error on the acceleration noise must be
≤ 0.01 · σa. Therefore, being:
|δ∆a| = 0.01 · σa = 5.3 · 10−18m/s2
and, from structural calculations,
|dxj,s|max ∼ 1 · 10−8m
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and, from calculations
max
j
∑
s∈LTP
∣∣Γxxj ,s∣∣ ∼ 5 · 10−6 s−2
it holds:
εmax ∼ 4 · 10−3% (7.18)
On the other hand, accuracy for gradient is also driven by the requirement
on the stiffness due to gradient itself. The allocated stiffness to LTP self-
gravity field gradient is for each TM (see Table 4.2 ):
|Γxx| ∈ [−3÷ 5] · 10−7
[
1 +
(
f
3 mHz
)2]
s−2 (7.19)
for
1 mHz ≤ f ≤ 30 mHz
Figure 7.7 shows the requirement stated in Eq. 7.19.
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Figure 7.7: Stiffness noise requirements for self-gravity due to LTP.
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Considering only the most stringent branch in Fig. 7.7, i.e. the negative
branch, the related mean square value is given by:
σgrad ' 7.5 · 10−8 s−2 (7.20)
The value of σgrad is assumed as a reference for the accuracy definition.
By using the same method already introduced for force and torque, it
is assumed that the numerical error for the gravity gradient component Γxx
must be < 0.01 · σgrad. Therefore, it is
|δΓxx| = 0.01 · σgrad ∼ 7.5 · 10−10s−2
and ∑
s∈LTP
|Γ˜xx,s| ∼ 5 · 10−6 s−2
so, from the relation
|δΓxx| ≤ εmax ·
∑
s∈LTP
|Γ˜xx,s|
it holds
εmax ∼ 2 · 10−2% (7.21)
where, clearly, εmax stands for the maximum error due to TM meshing that
can be committed while calculating the gravity gradient for each cell.
Requirements on accuracy in Eq. 7.18 and 7.21 are compared and the
most stringent, i.e. εmax ∼ 4 · 10−3, is chosen.
The requirement in Eq. 7.21 proved to be not as stringent as to need the
high order Bode’s method. That is the reason why, in order to accelerate
calculation, a faster Simpson-Cavalieri method is applied (see [13] for details).
In Figure 7.8 error isolines for Γxy are reported for a source located along
the diagonal X = Y = Z. Negligible difference occur when considering other
gradient components or sources located along different directions3. Figure 7.8
shows how a high number of TM division (N & 40) must be chosen for
elements close to the TM.
3No figure concerning the error for Γxx is shown as numerical instabilities don’t allow
for significative error isolines plots
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Figure 7.8: TM discretization error isolines [%]: Γxy.
7.3.2 Meshing Errors
Using the same procedure used in Section 7.3.1, the precision for gravity
gradient calculation must guarantee an overall error on acceleration noise
calculation |δ∆a| ≤ 0.01 · σa; so it is then
εmax ∼ 4 · 10−3%
where, as usual, εmax stands for the maximum error due to source meshing
that can be committed while calculating any gravity gradient tensor element
for each cell. Figure 7.9 shows the results for the Γxx component and source
located along the x axis; no significant change occurs when considering other
directions and different orientations between the TM and the source. If the
FEM mesh size complies with the meshing guideline plotted in Figure 7.9,
than the accuracy required for gradient calculation is met.
Figure 7.9 shows also that the mesh size of elements which don’t satisfy
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Figure 7.9: FE discretization error isolines [%]: Γxx. In red thick line, a
meshing guideline for the FE model is plotted
the meshing guideline, such as the EH and the electrodes4, is not sufficient
for gravity gradient calculation and, as explained in Section 7.3.1, for acce-
leration noise calculation as well.
7.4 Comments
Sources of numerical errors due to the awkward cube shape of the test
masses have been eliminated. An extensive error estimation has been carried
out in order to check the accuracy of the self-gravity tool. This accuracy is
related to:
• The precision of the numerical integration of gravity effects of a point-
like mass on the TM; an appropriate choice of integration parameters,
as suggested in this Chapter, assures a fully satisfying precision.
4These elements feature a mesh size ∼ 2 cm.
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• The mesh size of the FE model. The mesh size is given and cannot
be modified within the gravitational tool. The FE model proved to
be enough accurate for controlling DC acceleration and torque require-
ments; as far as regards the noise in gravity acceleration and gradient,
the mesh size of some elements, proved to be not enough accurate com-
pared to the requirements.
For further works, it is advisable to develop a FE model in synergy with
self gravity requirements. This implies a higher number of finite elements,
and therefore extra computational burden for structural analysis, but, on the
other hand, it allows for a precise control on all the gravity effects on the
test masses. It is worthy to notice that a strategy pursuing a unique model
topology (i.e. finite element mesh) for structural, thermal, and self-gravity
analysis has been adopted for the preliminary study for LISA mission carried
out by NASA Institutes (see [24]).
Chapter 8
The Influence of
Thermo-Elastic Distortion on
Self-Gravity
8.1 Introduction
Self-gravity on the test masses is generated by the mass distribution sur-
rounding the same TMs; when thermo-elastic deformations occur, the mass
distribution surrounding the TMs changes its location, thus leading changes
to self-gravity. An analysis of self-gravity which account for thermo-elastic
distortion is therefore mandatory.
The requirement on TMs acceleration noise along the sensitive axis is (see
Table 4.1):
S1/2a . 2.13 · 10−15
[
1 +
(
f
3 mHz
)2]
m
s2
1√
Hz
(8.1)
for the frequency range:
1 mHz ≤ f ≤ 30 mHz
The analysis for acceleration noise due to self-gravity adopted in this work
use the sensitivity factor approach developed for thermo-elastic deformations;
by combining this approach and the self-gravity tool, temperature changes
on selected thermal areas can be directly related to changes in self-gravity.
Therefore, the thermo-elastic analysis is applied again and Equation 3.1 can
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be used: 
∆r1
∆α1
...
∆rn
∆αn
 (t) = [D] ·
∆TTA1...
∆TTAk
 (t) (8.2)
As the self-gravity tool complies with a point-like mass distribution surround-
ing each TM, in this case the outputs of the thermo-elastic analysis are not
translational and rotational displacement of certain selected nodes of inter-
est, but translational displacements of all the nodes of the mass distribution
itself. Employing now the self-gravity calculation tool on the displacement
results due to every thermal area, and arranging its solution, the self-gravity
sensitivity matrix can be derived. It relates directly the temperature changes
to the self-gravitational force, torque and stiffness value changes. Again, the
matrix dimensions only rely on the number of thermal-areas and the number
of self-gravity values needed and not on the number FEM nodes. This model
reduction allows for the use of the self-gravity sensitivity matrix within a
real-time numerical simulation.
8.2 Self-Gravity due to Thermo-Elastic Dis-
tortion
As described in Section 6.1.1 the temperature dependent terms of self-
gravity actions on the TMs are:
Fthermo = −
∑
s∈LTP
(Γlin,sdrs) , T
thermo = −
∑
s∈LTP
(Ωlin,sdrs) (8.3)
where the stiffness matrices depend on which of the two TMs is considered.
In general drs is depending on temperature T and, on the other hand, tem-
perature is time-dependent. Actually, the problem is much more intricate as
the displacement of each nodal mass is a function of the temperature of all
the other nodal masses. In fact, for any nodal mass s it is:
drs =
∑
j∈LTP
drs(Tj) =
∑
j∈LTP
drs[Tj(t)] (8.4)
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where Tj is the temperature on the j
th node of the mass distribution. From
Eq. 8.4 it is evident that the computation of the terms in Eq. 8.3 is not at
all trivial. The motivations are several:
1. For any temperature distribution a time-consuming complete FEM
analysis run is required.
2. Being the temperature distribution time-varying, the FEM run must
be done for every time step of the simulation
3. The number of the nodal masses belonging to FEModels are, in general,
very high (∼ 66, 000 only for the LTP)
For a project like LISA Pathfinder, a traditional method is unapplicable
because of its evident computational slowness; end-to-end simulations do
require a certain reduction of the self-gravity model.
8.3 Analysis Approach
The analytic background of the approach is presented hereby. From now
and then the time-dependence of the temperature is taken for granted and
therefore it is omitted in the notation. Because of linearity, the relation in
Eq. 8.4 can be written as:
drs =
∑
j∈LTP
drs(Tj) =
∑
j∈LTP
[drs(Tj = 1
◦C) · Tj]
where drs(Tj = 1
◦C) stands for the displacement of the node s due to a
unitary increase in temperature, w.r.t to the reference one, on the node j.
The first approximation is to write:
drs '
∑
TAi∈LTP
drs(TTAi) =
∑
TAi∈LTP
[drs(TTAi = 1
◦C) · TTAi ] (8.5)
where, clearly, TTAi is the temperature of the i
th thermal area belonging
to the LTP. This means that, reasonably, the temperature of the nodes of
the LTP are correlated among them and that elements belonging to the same
TA can be considered to have the same temperature. Such an approximation
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allows a drastic reduction on the variables of the problem: the displacement
drs is not any more function of the temperature of every elements (∼ 66,000)
but only of the temperature of the entire thermal areas.
Now, considering only the force for simplicity’s sake, Equation 8.3 be-
comes:
Fthermo = −
∑
s∈LTP
(Γlin,sdrs) = −
∑
s∈LTP
Γlin,s
( ∑
TAi∈LTP
drs(TTAi = 1
◦C) · TTAi
)
=
= −
∑
TAi∈LTP
( ∑
s∈LTP
Γlin,sdrs(TTAi = 1
◦C)
)
︸ ︷︷ ︸
force sensitivity to the ith TA dislocation
·TTAi
The underbraced term in the equation above represents the change in self-
gravity force on one test mass whenever a unitary load case is applied to the
ith thermal area. Analogously, for the torque it is:
Tthermo = −
∑
TAi∈LTP
( ∑
s∈LTP
Ωlin,sdrs(TTAi = 1
◦C)
)
︸ ︷︷ ︸
torque sensitivity to the ith TA dislocation
·TTAi
8.3.1 The Self-Gravity Sensitivity Matrix
A self-gravity sensitivity matrix can be now derived. The steps to build
the sensitivity matrix are the following:
1. For each TA, apply a temperature increase of 1◦C and determine the
dislocations1 of all the nodes of the S/C. In general, take a FE model
featuring N nodes and k thermal areas. An increase in temperature to
the ith thermal area the following dislocations:
+1◦C |TAi =⇒
 δx1 δy1 δz1... ... ...
δxN δyN δzN

i
(8.6)
1As already stated, only the dislocations of the nodes are considered; the self-gravity
tool doesn’t use any finite elements rotations.
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Repeating for all the k TAs the [(3 · N) × k] matrix of dislocations is
obtained
[D] =

 δx1 δy1 δz1... ... ...
δxN δyN δzN

1
... δx1 δy1 δz1... ... ...
δxN δyN δzN

k

(8.7)
2. the self-gravity calculation tool is employed on the displacement matrix
in order to get the relevant self-gravity parameters on the test masses.
These parameters are expressed in terms of variations from the nominal
configuration and are:
• linear acceleration a (3 elements for each TM)
• angular acceleration ω˙ (3 elements for each TM)
Changes in the self-gravity gradient, i.e. changing stiffness, due to
thermo-elastic distortion have been neglected because the resulting
force/torque change proved to be of 2nd order.
In a schematic way, it is:
+1◦C |TAi =⇒
 δx1 δy1 δz1... ... ...
δxN δyN δzN

i
self−gravity tool
=⇒

δa1
δa2
δω˙1
δω˙2

i
(8.8)
3. the sensitivity matrix for self-gravity is:
[SSG] =


δa1
δa2
δω˙1
δω˙2

1
. . .

δa1
δa1
δω˙1
δω˙2

k
 (8.9)
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Now, for a whatsoever input vector of temperatures ∆T (which is, in
general, time-varying) the changes in self-gravity are given by:
∆a1
∆a2
∆ω˙1
∆ω˙2
 (t) = [SSG] · [∆T ](t) (8.10)
Equation 8.10 shows how the complex problem of self-gravity changes
due to thermo-elastic distortion has been elegantly reduced to a simple (and
fast!) matrix times vector multiplication. Up to date, the number of thermal
areas for the LTP is 78, so the self-gravity sensitivity matrix is [12× 78]: the
advantage gained in the speed of calculation is outstanding.
8.4 Accuracy of Results and Errors
Besides the errors related to the structural and the thermal models, an-
other leading error is due to the linearization of self-gravity changes by the
use of the sensitivity matrix. An analysis about this topic is also presented
in [16].
The sensitivity matrix allows to pass straightforwardly from temperature
profiles to acceleration variations. This means that the self-gravity variations
are linearized with the temperature; the linearization implies that there is
an error by multiplying the unit load case results (i.e. the elements of the
matrix [S]) for the actual temperature swing.
In order to estimate this type of error a simplified case is analyzed: it
features the usual cubic test mass and a point-like source located on the
x axis which can undergo distortions (i.e. which can move) only along x
direction, as well. This simplification allows for considering only the force
component along x. If dx is the source distortion then the actual change in
acceleration for each source i is given by:
∆a = a(x+ dx)− a(x)
while, the change given by linearizing is:
∆alin = Γxxdx
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and so the error is given by:
εi =
∣∣∣∣∆a−∆alin∆a
∣∣∣∣ = ∣∣∣∣a(x+ dx)− a(x)− Γxxdxa(x+ dx)− a(x)
∣∣∣∣
Obviously, the quantity dx, and so the error itself, depend on the temperature
(see Eq. 8.4); from the results about structural deformation of the LTP, it can
be assumed that |dx|max ∼ 1 · 10−8 in the measurement bandwidth. Figure
8.1 shows error isolines for source distance from the center of the TM and
source dislocation; in thick line the half-side dimension of the TM is plotted.
Distortions for LISA Pathfinder are mostly at the lower area of the diagram,
and it can be argued that εmax ∼ 1 · 10−4%.
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Figure 8.1: Linearization error.
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As usual, summing up over all the sources belonging to the LTP, it is:
|δ∆atot| = |∆atot − ∆˜atot| =
∣∣∣∣∣∑
M
εi∆ai
∣∣∣∣∣ ≤
≤
∑
M
|εi∆ai| ≤ εmax
∑
M
|∆ai| ≤ εmax ·M ·max
i
|∆ai|
where
M ∼ 66, 000
and from calculation it is:
max
i
|∆ai| ∼ 1 · 10−20m/s2
Then it becomes:
|δ∆atot| ∼ 7 · 10−22m/s2 ¿ σa = 5.3 · 10−16m/s2
where σa as been defined in Section 7.3.1. Linearization errors are therefore
negligible.
8.5 Results
Several simulations for changes in self-gravity due to thermo-elastic dis-
tortion have been carried out. Temperature inputs on the thermal areas
are given by the temperature noise models defined in Section 3.4. A wide
range of different correlations between the inputs onto the TAs have been
investigated; as stated in Section 3.5, a safety factor of 2 is applied to the
results. The worse case in depicted in Figure 8.2. This case corresponds to
the following load case: correlated temperature loads inside TS ; outside the
TS, temperature loads correlated on the two sides symmetric to the plane
XLTP − ZLTP and not correlated to the loads inside the TS.
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Figure 8.2: Acceleration noise on TM1 along the x axis due to self-gravity.
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Chapter 9
The Optical Metrology Unit
At the very heart of the LTP sits the optical bench (OB), accommodating
the optical metrology unit (OMU) whose primary task is to monitor the
separation between the two TMs to picometer accuracy, and to measure, in
addition, partly for control purpose, also their position and attitude.
9.1 Optical Metrology Unit Layout
The optical metrology unit consists of an interferometer system powered
by a laser source. Optical components are laid on a Zerodur solid optical
bench centered between the two test masses. Final light sensing is made
by quadrant photodiodes. The laser source is a separated element residing
outside the LTP box. Laser light is carried to the optical bench by means of
optical fibres. Beside the optical bench itself, the OMU features:
• two laser source inputs
– measurement beam
– reference beam
• two optical windows, each of them is physically belonging to the cor-
responding inertial sensor
• twelve beam-splitter
• ten mirrors
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• ten photodiodes
Actually also the two TMs belong to the OMU as they behave as mirrors. A
simplified representation of the OMU is depicted in Figure 9.1
Figure 9.1: Optical metrology unit: 3D-view of the LTP OB with the two
TMs.
These elements compose four separate interferometers for:
1. measurement of one TM w.r.t the OB
2. measurement of one TM w.r.t the other TM
3. setting reference path length
4. laser fluctuation measurement.
These interferometers allow for the following measurements for each TM
(see Figure 9.2 for reference):
• translation along the axis XLTP
• rotation about an axis parallel to YLTP , passing through the center of
the TM
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• rotation about an axis parallel to ZLTP , passing through the center of
the TM
The other TM degrees of freedom (DoF) cannot be measured by the OMU
and are measured via electrostatic read-out.
Figure 9.2: LTP frame and the two test masses.
9.2 Basic Requirements
The OMU of the LISA Technology Package on board LISA Pathfinder is
needed to verify the performance of the gravitational sensors by monitoring
the distance between the two test masses.
The interferometric sensing must be able to monitor the test masses po-
sition along the sensitive x axis with a noise level of:
S1/2n ≤ 10 pm/
√
Hz (9.1)
for frequency ranging within:
3 mHz ≤ f ≤ 30 mHz
and relaxing as 1/f 2 towards 1 mHz.
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This requirement is directly derived from LISA Pathfinder mission goal
sensitivity, with a factor of 8.5 between the mission goal (the overall per-
formance of the inertial sensor that LISA Pathfinder needs to demonstrate)
and the sensitivity of the interferometer (the instrument used to verify the
performance).
Figure 9.3: The required maximum noise level of the interferometer measure-
ment.
Each individual noise source in the interferometer has an allocated noise
budget ten times smaller, i.e. 1 pm/
√
Hz between 3 mHz and 30 mHz.
This conservative requirement takes into account the possibility that some
noise source may be correlated and added linearly instead of quadratically
(more about this topic can be found in [4]). Thermo-elastic distortions of the
elements belonging to the OMU are a source of noise in the interferometer
measurement.
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9.2.1 Temperature Requirements
In order to satisfied the requirement in Eq. 9.1, a temperature stability
for the OB is requested (see [25]). OB thermal requirements are hereafter
summarized:
Requirements Required value
OB temperature 20± 10◦C
OB temperature stability 10−4K/
√
Hz
OB temperature gradient stability 10−4K/
√
Hz
Table 9.1: OB temperature requirements

Chapter 10
The Influence of
Thermo-Elastic Distortion on
Optics
The outstanding requirement stated in Eq. 9.1 implies a very demand-
ing position stability of all the optical elements. An analysis of the opto-
dynamical model which accounts for thermo-elastic distortion is therefore
mandatory for E2E simulations.
The main steps of this analysis are:
1. calculate a sensitivity matrix for the distortion of the relevant optical
elements w.r.t thermal areas temperature
2. generate an optical sensitivity matrix with the help of the BeamWarrior
software package; the input of the this matrix is the distortion of the
relevant optical elements while the outputs are appropriate values for
each photodiode
3. define a law which relates photodiodes read-out to laser beams charac-
teristics
4. deduce TMs position and attitude (only the DoF which the OMU can
measure) from laser beams characteristics
5. evaluate the noise in read-out due to thermo-elastic distortion
A schematic of these steps is depicted in Figure 10.1.
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Figure 10.1: Thermo-elastic distortion: top-level structure for the opto-
dynamical model.
10.1 The Sensitivity Matrix for Optical Ele-
ments Distortion
The sensitivity factors for optical elements distortion w.r.t. thermal areas
temperature can be arranged in a linear, static transfer matrix. Recollecting
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Eq. 3.1, it can be written:
∆r1
∆α1
...
∆rn
∆αn
 = [Dopt] ·
∆TTA1...
∆TTAk
 (10.1)
Now, the n selected nodes of interest for the optic model are some of the
optical elements listed in Section 9.1, namely:
• the two laser source inputs
– measurement beam
– reference beam
• the two optical windows
• eight beam-splitter
• six mirrors
• four heterodyne quadrant photodiodes (PD)
These elements compose the two interferometers for the measurement of TMs
position and attitude. Hence, no distortion of the elements belonging to the
interferometers for reference and laser frequency fluctuation is taken into
account.
Each of these elements is modelled as a point-like node with a defined
orientation. The k thermal areas are the same as the ones defined for the
self-gravity analysis. So, being n = 22 and k = 80, the size of the sensitivity
matrix for the optic elements displacement [Dopt] is [(22 · 6) × 80]. Notice
that, unlike self-gravity analysis where only nodal linear displacement was
needed, for optics also nodal angular displacement is requested.
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10.2 Optical Sensitivity Matrix Using
BeamWarrior
Sensitivity factors for photodiodes outputs w.r.t. optical elements distor-
tion are calculated using the BeamWarrior software package.
BeamWarrior (BW) is a software tool (developed jointly by EADS Astrium
GmbH and ESO) used to generate geometrical- and wave-optical models sub-
ject to perturbations. Its development has been initiated in 1997 driven by
the non-availability of a powerful, open-architecture optical modelling code
which can easily be customized to create optical models for integration into
a dynamical simulation environment. BeamWarrior allows creating sensiti-
vity matrices whose elements describe the effect of a perturbation, i.e. the
displacement of (groups of) optical surfaces, on an output property.
The present optical model of the OB is a purely geometrical one and
consists of a [40 × 144] sensitivity matrix. The inputs of the BeamWarrior
sensitivity matrix are the 6 DoF perturbation of the 24 optical elements be-
longing to the laser paths: of course, the most prominent elements are the two
free-floating TMs; the remaining elements are the 22 listed in Section 10.1.
The outputs are, for each of the 4 quadrant photodiodes:
- chief ray position variation along local x and y axis located on the
photodiode surface (2 values) of the measurement beam
- chief ray optical path length variation of the measurement beam
- first Zernike coefficient variation of the measurement beam
- second Zernike coefficient variation of the measurement beam
- chief ray position variation along local x and y axis located on the
photodiode surface (2 values) of the reference beam
- chief ray optical path length variation of the reference beam
- first Zernike coefficient variation of the reference beam
- second Zernike coefficient variation of the reference beam
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which are ten values in all. Now it can be written:
PDout,1...
PDout,4
 = [SBW ] ·

rM1
αM1
rM2
αM2
∆r1
∆α1
...
∆r22
∆α22

(10.2)
where PDout,i is the [10 × 1] output of the ith photodiode, [SBW ] is the
BeamWarrior Sensitivity Matrix, [rMj αMj ]
′ is the [6 × 1] displacement of
the jth TM w.r.t to its nominal position, and [∆rm ∆αm]
′ is the [6 × 1]
thermal-induced distortion of the mth optical element.
10.3 The Optics Law Matrix
Once the photodiodes characteristics are known, a linear law to obtain
the optical metrology output can be derived. The output consists of three
values for each PD, namely:
- Optical path delay (OPD)
- Wave front tilt, w.r.t the local PD x axis (WFT1)
- Wave front tilt, w.r.t the local PD y axis (WFT2)
It can be written 
OPDPD1
WFT1PD1
WFT2PD1
...
OPDPD4
WFT1PD4
WFT2PD4

= [P ] ·
PDout,1...
PDout,4
 (10.3)
where the [12× 40] matrix [P ] relates the photodiodes characteristics to the
laser metrology output.
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It is now possible to relate straightforwardly TMs displacement and op-
tical elements deformation (and so temperature) to the photodiodes charac-
teristics. In fact, from Equations 10.1, 10.2, and 10.3, it holds:
OPDPD1
WFT1PD1
WFT2PD1
...
OPDPD4
WFT1PD4
WFT2PD4

= [P ][SBW ] ·


rM1
αM1
rM2
αM2
0132×1
+
[
012×80
Dopt
]
·
∆TTA1...
∆TTA80

 (10.4)
In a more compact way, if [m] is the laser measurement vector, i.e. the l.h.s.
of the equation above, it becomes:
[m] = [Oideal]

rM1
αM1
rM2
αM2
+ [D]
∆TTA1...
∆TTA80
 (10.5)
where the contribution of the temperature noise to the photodiodes output is
evident, and where the [12×12] matrix [Oideal] describes the optics law which
relates TM movement to laser measurement if no thermo-elastic distortion
occurs. The [12 × 80] matrix [D] = [P ][SBW ]
[
012×80
Dopt
]
is the matrix of the
disturbances due to temperature.
10.4 Test Masses Position Measurement
The law of TM position measurement performed by the OMU is provided
by the matrix [Oideal]; this allows to obtain the TMs position once the laser
measurement vector [m] is known. Actually the rank of [Oideal] is only 6, so
the matrix is not invertible. The explanation is obvious: only 6 DoF overall
of the two TMs can be measured as only 6 DoF affect the laser paths; any
TM dislocation parallel to the y or z axis of the LTP or any rotation about
an axis parallel to the x axis of the LTP don’t change the interferometric
measurement.
The reason of this surplus of measurement outputs compared with the
TMs DoF to be measured is explained by the redundancy required for the
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OMU. Therefore two independent measurements can be done; in this docu-
ment they are addressed as A and B. Up to date, no rule for the management
of these two independent signal has been set. Taking into account these con-
siderations, Equation 10.5 can be split in:
[mA] = [Oideal,A]

xM1
ηM1
ϕM1
xM2
ηM2
ϕM2
+ [DA]
∆TTA1...
∆TTA80
 (10.6)
[mB] = [Oideal,B]

xM1
ηM1
ϕM1
xM2
ηM2
ϕM2
+ [DB]
∆TTA1...
∆TTA80
 (10.7)
where, clearly, now [mA] and [mB] are both [6 × 1], the matrices [Oideal,A]
and [Oideal,B] are [6 × 6], and [DA] and [DB] are [6 × 80]. Notice that, in
general, [Oideal,A] and [Oideal,B] are not the same, as well as [DA] and [DB],
because they depend on which group of optical elements they refer to.
The read-out of the TMs DoF that can be measured via interferometer
is given now by1:
x˜M1
η˜M1
ϕ˜M1
x˜M2
η˜M2
ϕ˜M2

A
= [Oideal,A]−1 ·
[Oideal,A]

xM1
ηM1
ϕM1
xM2
ηM2
ϕM2
+ [DA]
∆TTA1...
∆TTA80

 (10.8)

x˜M1
η˜M1
ϕ˜M1
x˜M2
η˜M2
ϕ˜M2

B
= [Oideal,B]−1 ·
[Oideal,B]

xM1
ηM1
ϕM1
xM2
ηM2
ϕM2
+ [DB]
∆TTA1...
∆TTA80

 (10.9)
1The condition number with respect to inversion of matrices [Oideal,A] and [Oideal,B ]
is ∼ 2; no accuracy loss is caused by optics model matrix inversion.
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10.4.1 Noise
Once the law for the measurement of the TMs position has been derived,
the noise of the interferometer measurement due to thermo-elastic distortion
can be evaluated. From the Equations above, it can be inferred that it is:
nA = [Oideal,A]−1[DA]
∆TTA1...
∆TTA80
 (10.10)
nB = [Oideal,B]−1[DB]
∆TTA1...
∆TTA80
 (10.11)
where nA and nB are, respectively, the noise for the two independent mea-
surements A and B. Obviously, if no noise in temperature occurs, no noise
in the read-out exists.
10.5 Results
The noise in the interferometric measurement due to thermo-elastic effect
is compared to the noise level requirement for the OMU; as thermo-elastic
distortion is only one among the noise source, the requirement is:
S1/2n ≤ 1 pm/
√
Hz (10.12)
for
3mHz ≤ f ≤ 30mHz
relaxing as 1/f 2 towards 1mHz. This complies to what is stated in Sec-
tion 9.2.
Several simulations of the effect of thermo-elastic distortion on the OMU
have been performed. Input data about TMs position and attitude are taken
from results of the drag-free simulations ([17] and [30]). Temperature loads
are given by the temperature noise models defined in Section 3.4. The fol-
lowing cases of correlation between temperature loads on different thermal
areas are considered:
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1. all temperature loads are correlated
2. all temperature loads are uncorrelated
3. all temperature loads on TAs inside the TS are correlated; all tempe-
rature loads on TAs outside the TS are correlated
4. IS1 temperature loads correlated; IS2 temperature loads correlated; OB
temperature loads correlated2; struts and flanges temperature loads
correlated;
5. correlated temperature loads only on struts and flanges;
6. uncorrelated temperature loads only on struts and flanges;
7. correlated temperature loads only on TAs within the TS;
8. uncorrelated temperature loads only on TAs within the TS;
9. temperature loads only on TAs within the TS: correlated on the IS1,
correlated on the IS2, and correlated on the OB.
10. temperature loads inside TS correlated; outside the TS, temperature
loads correlated on the two sides symmetric to the plane XLTP −ZLTP
In the cases listed above, if not specified, temperature loads are meant to be
uncorrelated.
As stated in Section 3.5, a safety factor of 2 is applied to the results.
2In these results the OB temperature loads are meant to include also the temperature
loads on the sidewalls and the stiffeners.
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Figure 10.2: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 1.
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Figure 10.3: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 2.
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Figure 10.4: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 3.
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Figure 10.5: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 4.
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Figure 10.6: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 5.
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Figure 10.7: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 6.
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Figure 10.8: Noise on the interferometer measurement of test mass 1 position
along the sensitivity axis; correlation case n. 7.
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Figure 10.9: Noise sticazzi on the interferometer measurement of test mass
1 position along the sensitivity axis; correlation case n. 8.
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Figure 10.10: Noise on the interferometer measurement of test mass 1 posi-
tion along the sensitivity axis; correlation case n. 9.
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Figure 10.11: Noise on the interferometer measurement of test mass 1 posi-
tion along the sensitivity axis; correlation case n. 10.
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10.6 Comments
Results are strongly dependent on the correlation of temperature noise
input on the thermal areas. Since no thermal model data is available at the
moment, no definitive assumption on correlation of temperature noise can be
done.
Case 1 (all correlated temperatures) satisfies the requirement but is not
likely to happen during the mission; Case 2 (all uncorrelated temperatures)
largely doesn’t comply with the requirement but, on the other hand, it is
not likely to happen during the mission as well. Case 3 and 4 shows other
correlation combinations.
Cases from 5 to 8 are not physically possible as they suppose no thermal
loads on certain areas but they are used to show the influence of some ele-
ments deformations on the optical measurement system and to find the major
structural/thermal driver for the measurement noise. An in-depth analysis
of these cases shows that uncorrelated loads outside the TS have more effects
of uncorrelated loads inside the TS; besides, the biggest contribution is given
by uncorrelated temperature loads on the struts and the flanges (TAs out-
side the TS). This is explained by the fact that the LTP is not isostatically
mounted onto the spacecraft3
According to a very preliminary analysis [12], Cases 3 and 10 are the
most likely to happen during the mission: in both cases the noise due to
thermo-elastic distortion is above the requirement.
3The LTP is mounted onto the spacecraft by means on the eight struts; each strut has
got only one DoF at the junction with the spacecraft; this leads to a 8 × 5 = 40 degree
constraint.

Chapter 11
Summary and Outlook
11.1 Conclusions
11.1.1 Self-Gravity
Self-gravity modelling is used for calculating both the DC values and the
changes due to thermo-elastic deformations on the self-gravity field.
The calculation of the DC values of the self-gravity field is used to de-
sign the compensation masses system in order to guarantee the related re-
quirements; preliminary results shown in this work, together with the results
reported in [7], demonstrate the feasibility of the gravity compensation by
means of masses arranged inside the inertial sensors.
The effects of thermo-elastic distortion of the LTP on self-gravity proved
to be always under the requirement; therefore self-gravity seems not to be
a critical design parameter for the LTP and no change in the LTP layout is
needed.
11.1.2 Opto-Dynamical Model
An extensive campaign of simulations concerning the influence of thermo-
elastic distortion on the optical metrology unit has been carried out. Results
show that the noise in the interferometer measurement is usually above the
requirement, given the current LTP configuration and the thermal data avail-
able up to date.
A detailed analysis suggests that the critical elements for the noise in
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optical measurement are the struts which link the LTP to the rest of the
spacecraft; the reason is twofold: first, the struts, being outside the thermal
shield, are the elements of the LTP which undergo the highest noise in tem-
perature; second, the eight struts constitute a over-determined suspension
system, thus causing a higher relative displacement of the optical elements
compared to the displacement of a possible isostatical solution.
The fully symmetric and over-determined eight struts system has been
suggested in the preliminary LTP design phase for gravity balancing reasons.
On the other side, it is in contradiction to every engineering experience to
support an optical bench by a static over-determined suspension [18]. This
holds especially for an optical bench with very stringent requirement like the
one of LISA Pathfinder. Besides, the over-determined support presents the
relevant drawback that any distortion of the S/C is transferred to the optical
bench; this means that the effective distortion of the OB, and so the effective
noise in the measurement, can be estimated only by a coupled analysis of
the LTP and of the rest of the spacecraft. Being the LTP and the spacecraft
designed by different companies, this implies that definitive results can be
obtained only in an advanced phase of the project.
In conclusion, the measurement noise is a critical parameter and must be
considered as one of the main design drivers for the LTP. A review of the
present LTP layout is strongly suggested.
11.2 Prospects for Future Work
11.2.1 Thermo-Elastic Distortion Modelling
The effects of thermo-elastic distortion on self-gravity and optical mea-
surement have been calculated by using sensitivity factors; the choice of this
strategy has been pushed by the need of a full integration of the thermo-
elastic distortion model within the end-to-end simulator for the LISA Path-
finder mission. The number of the sensitivity factors, and so the number of
thermal areas, must be chosen according to a compromise between accuracy
in the results on one hand, and the effort for generating the sensitivity factors
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and the simulation run-time on the other hand.
Given the required level of accuracy in the results and once thermal data
will be available, a commitment to adapt the number of the thermal areas
must be pursued.
Definitive validation of the sensitivity factor approach for thermo-elastic
distortion must be provided by mechanical and thermal tests.
Another main task for future work concerning thermo-elastic distortion
modelling is the extension of the analysis to the entire spacecraft; should the
over-determined LTP mounting be kept, a new set of sensitivity factors for
self-gravity and optics must be calculated as deformations of the LTP and the
spacecraft are coupled. On the contrary, if an isostatical suspension is chosen,
no further thermo-elastic analysis is needed for optics as any deformation of
the spacecraft results in a common mode movement of every optical element
which implies no extra noise. Nevertheless, sensitivity factors for self-gravity
must be updated also in case of the isostatical suspension.
11.2.2 Self-Gravity
The future application of the self-gravity tool presented in this thesis is
twofold.
First, it is advisable to apply the self-gravity tool to the updated com-
pensation masses system data provided by the University of Trento (see [1]);
this can results in a cross-validation of the two different self-gravity tools
developed separately at EADS Astrium GmbH and the University of Trento.
Then, once the FE model of the entire spacecraft will be available, the use
of the tool can be extended to an overall self-gravity analysis. Furthermore,
the influence of thermo-elastic distortion of the spacecraft on self-gravity can
be evaluated by adopting the same approach used for the LTP presented in
this work.
11.2.3 Opto-Dynamical Model
A guideline for future work on thermo-elastic deformations and the optical
model is to investigate eventual improvements in measurement noise due to
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an isostatical mounting of the LTP. This new mounting implies a substantial
redesign of the LTP architecture with an unavoidable loss of the structural
symmetry; in this case the problem of self-gravity compensation may turn out
to be critical. A trade-off between an over-determined suspension solution,
with high measurement noise, and an isostatical scheme, with a problematic
self-gravity compensation, must be considered.
Appendix A
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Appendix B
Derivation of the Equations of
Motion
Nomenclature and definitions given in Chapter 2 are used. Further details
about the derivation of the equations of motion for a drag-free satellite can
be found in [8].
B.1 Equations of Motion
In order to derive the EoM for a drag-free satellite d’Alembert principle
is used. According to this principle, and using the Newton-Euler equations
of rigid body dynamics, it leads to:∑
i
[
J tTi(p˙i − fei)− J tRi(L˙i − lei)
]
= 0 (B.1)
In this equation i stands for the generic ith body of the system. Then
p˙i = mi
∗∗
r i represent the impulsive term differentiated and expressed in
the inertial frame, using the CoM of the respective body as its reference
point. The term L˙i = Iiω˙i + ω˜iIiωi represents the angular momentum of
the CoM of the ith body, expressed in body coordinates. The terms fei are
the applied forces acting on the body, expressed in the inertial frame, while
lei are the applied torques acting on the body, expressed in the respective
body frame. The Jacobian matrices JTi =
[
∂r˙i
∂q˙t
]
and JRi =
[
∂ωi
∂q˙t
]
resemble
the gradient w.r.t the generalized coordinates q˙i.
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The derivation process for the equations of motion follows the steps:
1. Define a set of generalized coordinates for the problem
2. Describe the rotational and translational kinematics of each body
3. Differentiate the translational kinematics (2nd order) and the rotational
kinematics (1st order)
4. Evaluate the Jacobian matrices
5. Set up the system according to Eq. B.1
6. Evaluate each row and write the EoM in the desired form.
B.2 Satellite and One Test Mass
As a first step, only one TM will be considered. The generalized coordi-
nates are chosen as follows:
q˙t =
( ∗
rB ωB r˙M ωM
)
(B.2)
The rotational kinematics of the CoM of each body are to be expressed in
body coordinates, this is due to definitions of Eq. B.1. As far as the satellite
body, they are already given by ωB. The absolute rotational kinematics of
the test mass are defined by1:
ωJMJ = ω
J
B + ω
J
H︸︷︷︸
=0
+ωJM = TJBωB + TJMωM (B.3)
ωMMJ = TMBωB + ωM (B.4)
and by:
ω˙JMJ = TJBω˙B + TJM ω˜MJωM + TJM ω˙M (B.5)
ω˙MMJ = TMBω˙B + T˜MBωBωM + ω˙M (B.6)
1The following relations are used:
TMJ · TJB = TMB TMJ · TJM = E3×3
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The translational kinematics of the satellite body are already expressed in
the inertial frame by the definition of rB. The translational kinematics of
the test mass CoM are given by:
rMJ = rB + r
J
H + r
J
M = rB + TJBrH + TJHrM (B.7)
∗
rMJ =
∗
rB +TJBω˜BrH + TJHω˜HJrM + TJH r˙M ⇐ ωHH = THBωB, r˙H = 0
=
∗
rB +TJBω˜B(rH + TBHrM) + TJH r˙M ⇐ rMB = rH + TBHrM
=
∗
rB +TJBω˜BrMB + TJH r˙M
∗∗
rMJ =
∗∗
rB +TJBω˜
2
BrH + TJB ˙˜ωBrH + TJHω˜
2
HJ
rM+
TJH ˙˜ωHJrM + TJHω˜HJ r˙M + TJHω˜HJ r˙M + TJH r¨M
=
∗∗
rB +TJB(ω˜
2
B + ˙˜ωB)rMB + 2TJH T˜HBωB r˙M + TJH r¨M
(B.8)
The Jacobian matrices can be evaluated as follows:
JTB =
∂
∗
rB
∂q˙t
=
[
E3×3 03×3 03×3 03×3
]
(B.9)
JRB =
∂ωB
∂q˙t
=
[
03×3 E3×3 03×3 03×3
]
(B.10)
JTM =
∂
∗
rMJ
∂q˙t
=
[
E3×3 −TJB r˜MB TJH 03×3
]
(B.11)
JRM =
∂ωMJ
∂q˙t
=
[
03×3 TMB 03×3 E3×3
]
(B.12)
By using the formulations derived above, Eq. B.1 gives:
E3×3
03×3
03×3
03×3
(mB ∗∗rB −feB)+

E3×3
r˜MBTBJ
THJ
03×3
(mB ∗∗rMJ −feM)+
+

03×3
E3×3
03×3
03×3
 (IBω˙B + ω˜BIBωB − leB)+

03×3
TBM
03×3
E3×3
 (IM ω˙MJ + ω˜MJ IMωMJ − leM ) = 0
(B.13)
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Evaluating the first row of Eq. B.13 leads to:
(mB +mM)
∗∗
rB −mMTJB r˜MBω˙B +mMTJH r¨M+
+mMTJBω˜
2
BrMB +mM2TJH T˜HBωB r˙M = feB + feM (B.14)
The second row is:
mM r˜MBTBJ
∗∗
rB +
[
IB + IM +mM r˜
t
MB
rMB
]
ω˙B +mM r˜MBTBH r¨M+
+ TBMIM ω˙M +mM r˜MBω˜
2
BrMB +mM2r˜MBTBH T˜HBωB r˙M+
+ ω˜BIBωB + TBMIM T˜MBωBωM + TBM ω˜MJ IMωMJ =
= r˜MBTBJ feM + leB + TBM leM (B.15)
The third row is :
mMTHJ
∗∗
rB −mMTHB r˜MBω˙B +mM r¨M+
+mMTHBω˜
2
BrMB +mM2T˜HBωB r˙M = THJ feM (B.16)
The fourth and final row leads to:
IMTMBω˙B + IM ω˙M + IM T˜MBωBωM + ω˜MJ IMωMJ = leM (B.17)
The equations written above have already been sorted in a certain way to
write the EoM of the satellite-proof mass system in the following standard
form for 2nd order differential equations:
M(q)q¨+ g(q, q˙) = k(q, q˙)
where M(q) is the system mass matrix, g(q, q˙) contains apparent forces and
torques, and k(q, q˙) is the force and torque vector. The EoM written in this
form are shown in the next equation:[
(mB +mM )E3×3 −mMTJB r˜MB mMTJH 03×3
mM r˜MBTBJ IB + IM +mM r˜
t
MB
rMB mM r˜MBTBH TBM IM
mMTHJ −mMTHB r˜MB mME3×3 03×3
03×3 IMTMB 03×3 IM
] ∗∗r Bω˙B
r¨M
ω˙M
+
+
 mMTJBω˜2BrMB +mM2TJH ˜THBωB r˙MmM r˜MB ω˜2BrMB +mM2r˜MBTBH ˜THBωB r˙M + ω˜BIBωB + TBM IM ˜TMBωBωM + TBM ω˜MJ IMωMJ
mMTHBω˜
2
BrMB +mM2
˜THBωB r˙M
IM ˜TMBωBωM + ω˜MJ IMωMJ
 =
=
[
feB + feM
r˜MBTBJ feM + leB + TBM leM
THJ feM
leM
]
(B.18)
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Now, a more compact form can be derived; in fact, subtracting the 1st row
by TJH · 3rd row, it gives the translational orbit movement equation of the
satellite:
mB
∗∗
rB= feM (B.19)
The latter expression times THJ and inserted in the 3
rd row results in the
equation describing the relative acceleration of an inertial sensor:
r¨M = −THB(ω˜2B + ˙˜ωB)rMB − 2T˜HBωB r˙M −
THJ feB
mB
+
THJ feM
mM
(B.20)
Then, subtracting the 2nd row by TBM · 3rd row and r˜MBTBH · 4th row results
in the angular momentum equation of the satellite body:
IBω˙B + ω˜BIBωB = leB
The fourth row cannot be simplified any further, since it already resembles
the angular momentum of the test mass inside the satellite body in its most
general form. Combining the above derived simplifications in a matrix-vector
form, it results in a much more decoupled differential equation system:
mBE3×3 03×3 03×3 03×3
03×3 IB 03×3 03×3
03×3 −mMTHB r˜MB mME3×3 03×3
03×3 IMTMB 03×3 IM


∗∗
rB
ω˙B
r¨M
ω˙M
+
+

03×3
ω˜BIBωB
mMTHBω˜
2
BrMB +mM2T˜HBωB r˙M
IM T˜MBωBωM + ω˜MJ IMωMJ
 =

feB
leB
THJ feM − mMmB THJ feB
leM
 (B.21)
Equations in B.21 can be extended to the LISA Pathfinder satellite by
simply adding another test mass.

Appendix C
Analytical Formulation of Force
and Force Linear Gradient
All the results shown in this Chapter must be multiplied by the factor
GMm
Lx · Ly · Lz
Besides, the following auxiliary variables are used:
a+ =
Lx
2
−X a− = −Lx
2
−X
b+ =
Ly
2
− Y b− = −Ly
2
− Y
c+ =
Lz
2
− Z c− = −Lz
2
− Z
Symbols have the same meaning as explained in Chapter 5.
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C.1 Force
C.1.1 Exact Formulation
Fx=c+·[ln(b++
√
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2
++c
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C.1.2 Approximate Formulation
Fx =
Lz
2∫
−Lz
2
{
ln
[
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√
a2+ + b
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√
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[
b+ +
√
a2− + b2+ + (z − Z)2
b− +
√
a2− + b2− + (z − Z)2
]}
dz
(C.4)
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C.2 Gradient
C.2.1 Exact Formulation
The components along the diagonal are given by:
Γxx =
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The Γyy and Γzz terms can be simply obtained by swapping a± and b±, and
a± and c± respectively.
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The components out of the diagonal are given by:
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The Γxz and Γyz terms can be simply obtained by swapping b± and c±, and
a± and b± respectively.
C.2.2 Approximate Formulation
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Γyz =
Lz
2∫
−Lz
2
{
1
(a+ +
√
a2+ + b
2
+ + (z − Z)2)
√
a2+ + b
2
+ + (z − Z)2
−
1
(a+ +
√
a2+ + b
2− + (z − Z)2)
√
a2− + b2+ + (z − Z)2
−
1
(a− +
√
a2− + b2+ + (z − Z)2)
√
a2+ + b
2− + (z − Z)2
+
1
(a− +
√
a2− + b2− + (z − Z)2)
√
a2− + b2− + (z − Z)2
}
· (z − Z) dz
(C.13)
Γzz =
Lx
2∫
−Lx
2
{
c+
(b+ +
√
b2+ + c
2
+ + (x−X)2)
√
b2+ + c
2
+ + (z − Z)2
−
c−
(b+ +
√
b2+ + c
2− + (x−X)2)
√
b2+ + c
2− + (z − Z)2
−
c+
(b− +
√
b2− + c2+ + (x−X)2)
√
b2− + c2+ + (z − Z)2
+
c−
(b− +
√
b2− + c2− + (x−X)2)
√
b2− + c2− + (z − Z)2
}
dx
(C.14)
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